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Abstract. For finite p-groups P of class 2 and exponent p the following are 
invariants of fully refined central decompositions of P: the number of members 
in the decomposition, the multiset of orders of the members, and the multiset 
of orders of their centers. Unlike for direct product decompositions, Aut P is 
not always transitive on the set of fully refined central decompositions, and 
the number of orbits can in fact be any positive integer. 

The proofs use the standard semi-simple and radical structure of Jordan al- 
gebras. These algebras also produce useful criteria for a p-group to be centrally 
indecomposable. 
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1. Introduction 

A central decomposition of a group G is a set 7i of subgroups in which distinct 
members commute, and G is generated by H but no proper subset. A group is 
centrally indecomposable if its only central decomposition consists of the group itself. 
A central decomposition is fully refined if it consists of centrally indecomposable 
subgroups. 

We prove: 

Theorem 1.1. For p-groups P of class 2 and exponent p, 

(i) the following are invariants of fully refined central decompositions of P: the 
number of members, the multiset of orders of the members, and the multiset 
of orders of the centers of the members; and 

(a) the number of Aut P- orbits acting on the set of fully refined central decompo- 
sitions can be any positive integer. 

Central decompositions arise from, and give rise to, central products (cf. Sec- 
tion [2Tl]), and hence Theorem ll.ll (z) is a theorem of KruU-Remak-Schmidt type 
(cf. [2T[ (3.3.8)]). That theorem states that the multiset of isomorphism types of 
fully refined direct decompositions (Remak-decompositions) is uniquely determined 
by the group, and the automorphism group is transitive on the set of Remak- 
decompositions. Theorem [TTT](m) points out how unrelated the proof of Theorem 
ll.ll (z) is to that of the classical KruU-Remak-Schmidt theorem. Moreover, induc- 
tive proofs do not work for central decompositions. For example, a quotient by a 
member in a central decomposition generally removes the subtle intersections of 
other factors and so is of little use. Similarly, automorphisms of a member in a 
central decomposition usually do not extend to automorphisms of the entire group. 
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We conjecture that under the hypotheses of Theorem 11.11 even the multiset 
of isomorphism types of a fully refined central decomposition of P is uniquely 
determined by P. For details see Section [01 

While the literature on direct decompositions is vast, little appears to have been 
done for central decompositions. For p-groups, results similar to Theorem 11.11 have 
concentrated on central decompositions with centrally indecomposable subgroups 
of rank 2 and 3, with various constraints on their centers [1] [21 [25l [26]. Using 
entirely different techniques, our setting applies to groups of arbitrary rank at the 
cost of assuming exponent p. 

The methods used in this paper involve bilinear maps and non-associative al- 
gebras, but not the nilpotent Lie algebras usually associated with p-groups. We 
introduce a ^-algebra and a Jordan algebra in order to study central decomposi- 
tions. The approach leads to a many other results for p- groups and introduces a 
surprising interplay between p-groups, symmetric bilinear forms, and various alge- 
bras. Most of these ideas are developed in subsequent works. As the algebras we use 
are easily computed, in |28j we provide algorithms for finding fully refined central 
decompositions and related decompositions - even for p-groups of general class and 
exponent. In [3(T we prove there are p^" /27-(-Cn centrally indecomposable groups 
of order p", which is of the same form as the Higman-Sims bound on the total num- 
ber of groups of order [101 123j . In [30j we also prove that a randomly presented 
group of order p" is centrally indecomposable, and we characterize various minimal 
centrally indecomposable p-groups by means of locally finite p-groups, including 
those p-groups with P' = Z^. Finally, in p9] we address central decompositions of 
2-groups, p-groups of arbitrary exponent, and p-groups of arbitrary class, by means 
of an equivalence on p-groups related to the isoclinism of P. Hall 9J . 

1.1. Outline of the proof. Section[2]contains background and notation for central 
decompositions of groups and orthogonal decompositions of bilinear maps. 

Section[3]translates p-groups P of class 2 and exponent p into alternating bilinear 
maps on P jP' induced by commutation. This approach is well-known and appears 
as early as Baer's work |6] and refined in [13] and [27]; however, such techniques 
have been upstaged by appealing to various associated Lie algebras of Kaloujnine, 
Lazard, Mal'cev and others 14 . By contrast, the bilinear approach translates 
unwieldy central decompositions into natural-looking orthogonal decompositions, 
and automorphisms into pseudo-isometries (Theorem 13. 8p . 

In Section [4] we introduce two algebraic invariants of bilinear maps: the associa- 
tive ^-algebra of adjoint operators, and the Jordan algebra of self-adjoint operators. 
The first of these encodes isometrics, while the second encodes orthogonal decom- 
positions via sets of pairwise orthogonal idempotents (Theorem l4.33p . We use these 
algebras to give criteria for indecomposable bilinear maps and centrally indecom- 
posable p-groups (CoroUarv 14.451 and Theorem 14. 46p . We also prove the first part 
of Theorem 0(i)- 

In Section [5] we prove that a certain subgroup of isometrics acts on suitable sets 
of idempotents of our Jordan algebra with the same orbits as the full isometry 
group. Using the radical theory of Jordan algebras and the classification of finite 
dimensional simple Jordan algebras we identify the orbits of the isometry group 
acting on the set of fully refined orthogonal decompositions (and therefore the 
orbits of CAutp(-P') on the set of fully refined central decompositions of P) (Cor- 
ollary [SSI ■ 
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In Section [6l semi-refined central decompositions are introduced. These are 
derived from properties of symmetric bilinear forms and then interpreted in the 
setting of p-groups, leading to the proof of Theorem II. II (z). 

The remaining Section [7] proves Theorem We also build families of 

centrally indecomposable groups of the types in Theorem l4.46l These examples are 
only a sample of the known constructions of this sort and the proofs provided are 
self-contained versions of broader results in ^30j . 

Section [5] has concluding remarks. 



Unless stated otherwise, all groups, algebras, and vector spaces will be finite and 
p will be odd. We begin with brief introductions to central products and central 
decompositions of groups, followed by orthogonal decompositions of bilinear maps. 

2.1. Central decompositions and products. Let Hhe a central decomposition 
of a group G (cf. Section [T]). The condition [H, K] = 1 for distinct H,K G Ti. shows 
that H n{n~ {H}) < Z{G) for all H e H. Then, the members of H arc normal 
subgroups of G. 

Central decompositions can be realized by means of central products. Fix a set 
H of groups and a subgroup N oi Ti := IlffGW ^ such that N d H = \ for all 
H E H. The central product of H with respect to N is Ti/N. If 7i is a central 
decomposition of a group G, then define tt : 7i — > G by {xH)HeH ^ Wnen^H- 
Then G = 7i/ker7r. These two treatments are equivalent O (11.1)]. 

In an arbitrary central decomposition 7i of a group G, in general H f] K and 
H n J are distinct, for distinct elements H,K,J G H. 

Definition 2.1. Given a subgroup M < G and a central decomposition Ji ofG, we 
call Ti an M-central decomposition if M — H D K for all distinct H, K G Ti. The 
associated central product is an Af -central product. 

Every central decomposition induces a Z(G)-central decomposition TiZ{G) = 
{HZ{G) : H eH}. Some authors write iJj * • • • * i/^ or i/i o • • • o iJ, for a Z{G)- 
central product. These notations still depend on the given N < Hi x ■ ■ ■ x Hs- We 
require a precise meaning in the following specific case: 



where N := ((1, . . . ,^,1, . . .,x~\l, . . < i < j < n, x e Z{H)). 

2.2. Central decompositions of p-groups of class 2 and exponent p. Using 
standard group theory, we show that central decompositions of a finite p-group P 
of class 2 and exponent p reduce to central decompositions of a subgroup Q where 
P' = Q' = Z{Q) and P — QZ{P). Furthermore, we show that for our purposes we 
may consider only Z((5)-central decompositions (cf. Corollarv l2.10p . 

Definition 2.3. An automorphism ip G AutP is upper central if Z{P)xip ~ 
Z{P)x, for all X G P, and lower central if P'xf = P'x, for all x G P. The 
group of upper central automorphisms we denote by Aut^ P and the lower central 
automorphisms by Aut-y P. 



2. Background 



n 



n 




(2.2) 



Ho---oH = Hx---xH/N 
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As P has class 2, Aut-y P < Aut( P. Furthermore, every a G Aut-y P is also the 
identity on P' . 

Lemma 2.4. (i) There are subgroups Q and A of P such that Z{Q) = Q' = P' , 
A < Z{P) and P = Q X A. 
(ii) Given subgroups Q and R of P such that Z{Q) = Q' = P' = R' = Z{R) and 
P — QZ{P) — RZ[P), if A is a complement to Q as in (i) then it is also a 
complement to R so that P = QxA = RxA. Furthermore, there is an upper 
central automorphism of P sending Q to R and identity on Z{P). 

Proof, (i). Since P/P' is elementary abelian, there is P' < Q < P such that 
Q n Z{P) = P' and P = QZ{P). Furthermore, P' = [Q Z (P) , Q Z {P)] = Q' and 
[P, Z{Q)] = [QZ(P), Z{Q)] = 1, so Q' < Z{Q) <Qn Z{P) = Q' . 

Also, Z{P) is elementary abelian, so there is a complement A to P' in Z{P). 
Whence, P = QZ{P) = and Q n A < Q n Z{P) n ^ = P' n ^ = 1. As ^ is 
central in P, P = Q x yl. 

{ii). Fix two subgroups Q and R as described in the hypothesis. So there is a 
complement ^ to Q as in [i). Since Q n Z[P) ^ P' ^ Rn Z{P) it follows that 
P = QxA = RxA. Let tt : P ^ P be the projection of P to P with kernel A. 
Restricting tt to Q gives a homomorphism a : Q R. Furthermore, P = QA so a 
is surjective, and Q (1 A ~ I so a is injective. Hence a is an isomorphism. Indeed, 
Q' = P' = R' and tt is the identity on R, so a is the identity on Q' = R' . Then 
j3 = a X 1a : Q X A ^ R X A is & upper central automorphism of P sending Q to 
R. □ 

Definition 2.5. If Ii, is a central decomposition of P, then define Z(T-l) = {H G 
n:H< Z{P)}. 

Lemma 2.6. LetTi. be a fully refined central decomposition of P. IfQ = {H—Z(Ti.)) 
and A = (Z{n)), then P = Q x A, Q' = Z{Q) and Q' A = Z{P). 

Proof Certainly A < Z{P) and P = QA. Also P' = Q' and Z{P) ^ Z{Q)A. As H 
is fully refined, every H £ H — A is centrally indecomposable and so also directly 
indecomposable. By Lemma it follows that H' = Z{H), for aU e H - ZiTi). 
As a result, Q' = Z{Q). Thus P = Q x A. □ 

Definition 2.7. Two central decompositions Ti. and K, of a group G are exchange- 
able if, for each J QTi, there is an a £ Aut G such that J a C /C and {Ti. — J)ol = 
U-J. 

For instance, if G = i?i o • • • o = K\ o - ■ - oKt are exchangeable decompositions, 
then s = t and, for each I < i < s, 

G ~ Hi o ■ ■ ■ o Hi o Ki^i o ■ ■ ■ o Kf. 

Replacing o with x we recognize this as the usual exchange property for direct 
decompositions. The KruU-Remak-Schmidt theorem states that all fully refined 
direct decompositions (Remak-decompositions) are exchangeable [U (3.3.8)]. In 
light of Theorem ll.ll fiz). a general p-group of class 2 and exponent p will have fully 
refined central decompositions which are not exchangeable. 

Subgroups in Z{Ti.) can only be exchanged with subgroups in Z{IC), and similarly 
for the complements of these sets. 
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Lemma 2.8. // 7i and JC are two fully refined central decompositions of P such 
that Ti. — Z['H) = K. — Z{!C), then Ti. and K. are exchangeable. 

Proof Set Q = {n- Z(n)), A = {Z{n)), R = {IC- Z{1C)) and B = {Z{K.)). 
By Lemma it follows that P — QxA — RxB and by Lemma HHKm), 

P = Q X B sls well. The projection endomorphism n from P to B with kernel Q 
makes a — Iq x n an automorphism sending A to B and identity on Q. Since A 
and B are abelian, any fully refined central decomposition is a direct decomposition 
so {Z{Ti.))a is exchangeable with Z{IC) by automorphisms of B. As AutB extends 
to Aut P inducing the identity on Q, it follows that H and K. are exchangeable. □ 

Theorem 2.9. IfTi. and K. are two fully refined central decompositions of P such 
that Ti.Z{P) = 1CZ{P), then Ti and IC are exchangeable. 

Proof. It suffices to prove that a single subgroup of H can be exchanged with one 
in IC. Let M = Z{P) and fix e H - Z[n). As KM = KM there is a if G /C 
such that HM — KM. Since H is not contained in Z{P) neither is if. If J G /C 
such that HM = JM then J < {K, M), and solC- {J] generates P. As K is fully 
refined this cannot occur. So K is uniquely determined by H . 

By Lemma [231 (*) and the assumption that TL and K, are fully refined, it follows 
that H' = Z{H) and K' = Z{K). As Z{HM) = M = Z{KM) it follows that 
HZ{HM) = HM = KM = KZ{KM). So by Lemma[211(M) there is an automor- 
phism a of HM = KM which is the identity on M and maps H to K. Extend a 
to P by defining a as the identity on all J G — {ii}. This extension exchanges 
H and K. □ 

Corollary 2.10. Let P be a p-group of class 2 and exponent p. 
(i) Knt^P is transitive on Remak- decompositions. 

(ii) Given two fully refined central decomposition TL and IC of P, there is a ip ^ 
Aut^ P such that Tiip — IC if, and only if, 7iZ{P) ~ ICZ{P). 

Proof, (i). This is the KruU-Remak-Schmidt theorem. 

(ii). Suppose that H(p = IC for some G Aut^ P. Given H E H set K := Hip. 
Then HZ{P)/Z{P) = {H Z{P) / Z{P))ip = KZ{P)/Z{P) so HZ{P) = KZ{P). 
Thus HZ(P) = ICZ{P). 

For the reverse direction, let HZ{P) ~ ICZ{P). Then by Theorem 12 . 91 there is a 
ip G Aut(; P sending Ti to IC. □ 

2.3. Bilinear and Hermitian maps, isometries, and pseudo-isometries. In 

this section we introduce terminology and elementary properties for bilinear maps 
which we will use frequently. Throughout, let V and W be vector spaces over a 
field k. 

A map b -.V xV \s k-bilinear if it satisfies 

b{su + u' , tv + v') = stb{u, v) + tb{u' , v) + sb{u, v') + v') 

for all u, u' , v,v' eV and s,t E k. Given X,Y C V define 

b{X,Y) {b{u,v) ■.ueX,veY). 

For convenience we assume all our bilinear maps have W = b{V,V). Whenever 
X <V we can restrict b to 



(2.11) 



bx -X X X ^ b{X,X). 
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The radical of b is 

radb ■.= {ueV : b{u,V) = = b{V,u)}. 

If rad b ~ then b is non-degenerate. A fc-bihnear map 6 : 1/ x V — > is called 
9-Hermitian if 9 e GL{W) and 

(2.12) v) = b{v, u)d, Vm, w G y. 

As = b{V, V), 9 is an involution (which in this paper will mean 9^ = 1 and allow 
9 = 1). Furthermore, 9 is uniquely determined by b (assuming W ^ 0) and so it is 
sufficient to say b is Hermitian. 

If = 1m/ we say that b is symmetric and ii 9 = —Iw we call b skew- symmetric. 
As we work in odd characteristic it follows that every skew-symmetric bilinear map 
is equivalently alternating in the sense that b{v, v) = for all v d V. 

Given two /c-bilinear maps b : V x V ^ W and b' : V x V' ^ W a morphism 
from b to b' is a pair (a, (3) of linear maps a -.V ^ V and P : W ^ W such that 

(2.13) 6'(wa, va) = 6(m, u)/3, Vm, v e V. 

When a is surjective it follows that W' = b'{Va, Va); so, (3 is uniquely determined 
by a. In this case we often write a for /3. If a and a are isomorphisms then we 
say b and 6' are pseudo-isometric. The term isometric is reserved for the special 
circumstance where W = W and a = Iw 
The pseudo-isometry group is 

Isom*(6) :={(«, d) G GL(V^) x GL(iy) : 

b{ua,va) = b{u,v)a,'iu,v ^V}, 

and the isometry group is 

(2.15) Isom(6) := {a G GL{V) : b{ua, va) = b{u, w), Vw, v^V}. 

(The decision to write the isometry group as a subgroup of GL{V) rather than 
GL(y) X GL(Vt^) is to match with the classical definition of the isometry group of 
a bilinear form.) When 5 is a bilinear /c-form (i.e.: W = k), the pseudo-isometry 
group goes by various names, including the group of similitudes and the conformal 
group of b. The following is obvious: 

Proposition 2.16. (i) If{ip,ip) is a pseudo-isometry from b tob' thenlsom* (b) = 
Isom*(6') via (a, a) i— > (a'^,Q;'^), and Isom(6) = Isom(6') via a i— > a^ . 
(ii) If b : V X V W is a bilinear map, then (a, a) i—f a is a homomorphism 
from Isom*(6) into GL(W^) with kernel naturally identified with Isom(&). 

In light of Proposition 12. 161 (ii) we will view Isom(6) as a subgroup of Isom*(6) 
and Isom*(5)/Isom(6) as a subgroup of GL(Vl^). 

2.4. _L-decompositions. 

Definition 2.17. Let b : V x V ^ W be a k-bilinear map. 

(i) A set X of subspaces of V is a _L-decomposition of b if: (a) b{X,Y) = for 

all distinct X,Y e X and {b) V = (y) forycX if and only ify = X. 
(ii) A subspace X of V is a J--factor if there is a J- -decomposition X containing 
X. Furthermore, define 

X^ := {X-{X}). 

(Hi) We say b is _L-indecomposable if is has only the trivial Jl- decomposition {V}. 
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(iv) A L- decomposition X of b is fully refined ifbx is ^--indecomposable for each 
X £X (cf (jCTjl ). 

When b is Hermitian it is also reflexive in the sense that b{u, w) = if, and only 
if, b{v, u) = 0, for u,veV. Also, = {x£V : b{X, x) = 0}. 

Let A' be a _L-decomposition of b and take X ^ X. For each x ^ X Ci {X — 
{X}) we know {X - {X})) = and b{x,X) = 0; thus, b{x,V) = 0. Hence, 
X n {X — {X}) < rad6. Thus a fully refined _L-decomposition is also a direct 
decomposition of V (and more generally any ^-decomposition, if the bilinear map 
is non-degenerate.) 

The pseudo-isometry group (|2.14p acts on the set of all ^-decompositions, but 
may not be transitive on the set of all fully refined decompositions. This fact can 
already be seen for symmetric bilinear forms (see Theorem 15. lip . 

2.5. Symmetric bilinear forms. Various parts of our proofs and examples re- 
quire some classical facts about symmetric bilinear forms over finite fields. 

Let K he a, finite field and w e A' a non-square. By |4l p. 144], every n- 
dimensional non-degenerate symmetric bilinear X-form is isometric to d : K" x 
K" K defined by 

(2.18) d{u, v) := uDv\\lu, v € AT"; 

where D is /„ or © [to]. If n is odd then these two forms are pseudo-isometric, 
but they are not pseudo-isometric if n is even. If yl e GL(n, K) then d{uA, vA) — 
u(ADA^)v^ . The discriminant of d is 

(2.19) disc d = det D = det AD A^ (mod (K^'f), 

for any A e GL{n, K) [H (3.7)]. The discriminant distinguishes the two isometry 
classes of non-degenerate symmetric bilinear forms of a fixed dimension. 

Lemma 2.20. Let d : x ^ K be defined as in ([2T8l) . 

a (3 



(i) If disc d= [1] then 
(ii) If disc d = [uS\ then 



P -a 
"0 1 
oj 



G Isom*(c?), where uj = a + P & K. 
, ) G Isom*((i). 



Proof. This follows by direct computation. □ 

Proposition 2.21. Let d be as in (|2.18p . Then (by definition) Isom((i) is the 
general orthogonal group GO{d). Also, 

(i) if n is odd then Isom*(d) = ((a, 1), (s/„, s^) | a G GO((i),s G K^); hence, 
Isom*(d)/Isom(d) ^ [K^'f; 

(ii) if n is even then Isom*((i) = {[a,l),{sln,s'^),{ip,uj) \ a G GO{d),s G K^) 
where ip :— <p (B ■ ■ ■ (B (f> (B n, {4>,ijj) is as in Lemma \2.20\ {i) and 

(a) if discd— [1] then {fJ-,i-u) is as in Lemma \2.2(A (i) : and 

(b) if discd = [to] then {p.,oj) is as in Lemma \2.2(A (ii) . 
In particular, Isom*((i)/ Isom((i) ~ . 

Therefore, |Isom*((i)| — s{q — l)\GO{d)\ where q — \K\, e — 1/2 if n is odd, and 
£ = 1 if n is even. 

Proof. By Proposition I2.16I (m) we start knowing Isom* (d) / Isom((i) < . Fur- 
thermore, Isom*(d) = {{A,s) G GL{V) x k^- : ADA* ~ sD}. Hence, for each 
{A,s) G Isom*((i) we must have s" = (detA)^. (i). If n is odd then s must 
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be a square. Hence, Isom*((i)/Isoni(d) = {K^)"^. As (s/„,s^) G Isoni*((i) it fol- 
lows that Isoni*(d) = ((a, 1), (s/„, s^) | a £ GO(d),s £ K^). (ii). If n is even, 
then {(p,uj) e Isom*(d). Thus Isom* (d)/ Isoni(d) = (s^,aj : s e K^) ~ and 
Isom*(d) = ((a,l),(s/„,s2),((^,^) | a G GO(d),s G K^). □ 

3. Bilinear maps and p-groups 

In this section we translate fully refined central decompositions to _L-decomposi- 
tions, automorphisms to pseudo-isometries, and back fProposition l3 . 5l and Theorem 

mi). 

To prove these we describe a well-known method to convert p-groups of class 
2 into bilinear maps explored as early as [6], compare [13], and [2Il Section 5]. 
The method has ties to the Kaloujninc-Lazard-Mal'cev correspondence (see [T4j 
Theorems 10.13,10.20]). 

Our notation is additive when inside elementary abelian sections. 

3.1. The functor Bi. Let P be a p-group of class 2 and exponent p,V:= P/P' , 
and W :— P' . Then V and W are elementary abelian p-groups, that is, Zp-vector 
spaces. The commutator affords an alternating Zp-bilinear map Bi(P) : V xV ^ W 
where b := Bi(P) is defined by 

(3.1) biP'x,P'y):^[x,y], Vx^y e P 

The radical of b is Z{P)/P' . If a : P ^ Q is a homomorphism of p-groups of class 
2 and exponent p, then 

(3.2) B\{a) :— (ajp/p' : P'x Q'xa,a\pi : x i— > xa) 
is a morphism from Bi(P) to Bi(Q) (cf. (|2T3l) ). 

Remark 3.3. We have refrained from using V := P/Z{P) and W := Z{P). A 
homomorphism a : P Q of p-groups need not map the center of P into the center 
of Q. Hence, with W — Z{P) we cannot induce a morphism Bi(a) of Bi(P) 
Bi((5). Moreover, using P' we have W = b{V,V). The penalty is that b may be 
degenerate. We avoid this difficulty by means of Lemma \2.4\ {i)- 

Given another homomorphism (3 : Q ^ R then Bi(a/3) = Bi(a)Bi(/3); so, Bi is a 
functor. Finally, if a, f3 : P ^ Q are homomorphisms then B\{a) — Bi(/3) if, and 
only if, a\pfp' — I3\p/pi (which forces also a\pi — I3\pi). 

Finally, subgroups Q < P are mapped to bqpi/pi (see ()2.1ip ). If Q' = Z{Q) (as 
in Lemma[231(i)) then Q' <QnP' < QnZ{P) < Z{Q) = Q' so that QnP' = Q' . 
Hence, QP'/P' = Q/Q' and bgpi/pi is naturally pseudo-isometric to B\{Q). 

Proposition 3.4. IfH is a central decomposition of P, then Bi(7i) := {HP' /P' : 
H £ Ti.} is a J^- decomposition ofb. 

Proof. Let H and K be distinct members of 7i. As [H, K] — 1 it follows that 
b{HP'/P', KP'/P') = 0. Furthermore, n generates P and so X := Bi(H) generates 
V = P/P'. Take a proper subset y CZ X. Define J -.^ {H £ H : HP'/P' £ 
y} C Tt. Note y — Bi(J'). Since 3^ is a proper subset of X, it follows that J 
generates a proper subgroup Q of P and thus y generates QP'/P' . We must show 
QP'/P' ^ P/P', or rather, that QP' / P. 

Suppose that QP' ~ P. For each K £ TL — J , K is not contained in Q by the 
assumptions on H. Now [P : P'] = [Q : Q n P'] < [QK : Q D P'] < [P : P'] so 
QK ~ Q and K <Q. This is impossible. Hence Q is proper. □ 
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3.2. The functor Grp. Suppose b : V x V ^ W is a,n alternating Zp-bilinear map. 
Equip the set V x W with the product 

{u, w) * {v, x) := ^ + v,w + X + 2^('"' i "^{u, w), {v, x) ^ V x W. 

The resuh is a group denoted Grp(6). If {a, a) is a morphism from b to b' : V xV' ^ 
W (sec p.lSp ). then Grp(a,d) : Grp(&) ^ Grp(&') is {v,w) ^ {va,wa). 

By direct computation we verify that Grp(6) is a p-group of class 2 and exponent 
p with center rad6 x W and commutator subgroup x W. Furthermore, Grp is a 
functor. Compare with [571 Theorem 5.14] and [SI Theorem 2.1]. 

li (f £ Aut^ P (cf. Definition 12. 3p then induces the identity oxi V — P/ P' 
and W = P' . So write — 1 for the induced Zp-linear map V ^ W defined by 
P'x{ip — 1) = x^^{xip). 

Proposition 3.5. Let P = Grp(6). All the following hold: 

(i) Aut-y P = hom(y, W) via the isomorphism (/3 i— > 93 — 1, for all (p 6 Aut..^ P. 
(ii) AutP = Isom*(6) k Aut..^ P, with (1 + (/3)("'") = 1 + a^^ipa for each ip £ 

hom(V, VK) and (a,d) G Isom*(6). 
(Hi) CAutp{P') = Isom(6) K Aut.yF. 

Proof. These follow directly from the definition of Grp(&). □ 

If U < V then define Grp(fo[/) as U x b{U,U) < Grp(&). It is evident that 
this determines a subgroup. Similarly, given a set of subspaces X oi V define 
Grp(A') = {Grp(6c/) -.U cX}. 

Proposition 3.6. If X is a Jl- decomposition of b then Grp(A') is a central decom- 
position o/Grp(fe). 

Proof. Let X and Y be distinct members of X. Set H :— Grp(6x), K := Grp(6y) 
and P = Grp(6). Since b{X, y) = it follows that [H, K] = 1. Also, V is generated 
by X, and V x Q generates P, so that P is generated by Ti :— Grp(A'). 

Let J be a proper subset of H. Define y = {X G X : Grp{bx) e J}. AsJj^H 
it follows that X ^ y and therefore U := (y) ^ V. Furthermore, (J) = Grp(&[/) = 
U X b{U, V) X b(y, V) = P. So indeed, H is a central decomposition. □ 

3.3. Equivalence of central and orthogonal decompositions. Here we relate 
fully refined central decompositions to fully refined _L-decompositions. 

Proposition 3.7. Let h :Y xV be an alternating lip-bilinear map and P a 

p-group of class 2 and exponent p. 

(i) There is a natural pseudo- is ometry {t,t) from b to b' := Bi(Grp(&)). 
(ii) Every function £ : P/P' P to a transversal of P/P' in P, with 0£ = 1 
determines an isomorphism ipi : P —> P where P :~ Grp(Bi(P)). 

Proof, (i). Let b : V x V W he an alternating bilinear map. Set P = Grp(6) and 
b' = Bi(Grp(6)). Recall P' = x and define t :V ^ P/P' by vt = (?;,0) + x W 
and f : W ^ X W by wf — {0,w). This makes (r, f) a pseudo-isometry from b 
to b' . It is straightforward to verify that (r, f) is indeed a natural transformation. 

(ii). Now let P be an arbitrary p-group of class 2 and exponent p. Set ^ -.^P/P', 
W := P', b := Bi(P) and P := Grp(Bi(P)). Given a Mt £ : V ^ P with Oi = 1, 
define xipi := (x, x — x£) where x := P'x. The group P has the presentation 

{V£, W I [u£, vi] — b{u, v), exponent p, class 2} 
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and P has the presentation 

{V xO,OxW \ [(u, 0), {v, 0)] = (0, b{u, v)), exponent p, class 2). 
Evidently ipi preserves the exponent relations. Furthermore, 

[x, y](pe = [xe, y£]ifii = b{x, y)ipf, = (0, b{x, y)) 

for each x^y ^ P. Hence, preserves all the relations of the presentations and so 
is a homomorphism, indeed, an isomorphism. 

□ 

Theorem 3.8. Let P he a p-group of class 2 and exponent p such that P' = Z{P), 
and let Ti. be a central decomposition of P. 

(i) P is centrally indecomposable if, and only if, Bi(P) is ^--indecomposable, 
(ii) Ti. is a fully refined if and only if Bi(7i) is fully refined. 
(Hi) if K. is a central decomposition of P, then 

(a) there is an automorphism a S Aut P such that {Ti.P')a = JCP' if and 
only if there is a (/?,/?) G Isom*(Bi(P)) such that (Bi(H))/3 = Bi(/C). 

(b) there is an automorphism a £ CA_ntp{P') such that {TiP')a = /CP' if 
and only if there is a (3 £ Isom(Bi(P)) such that (Bi(?-^))/3 = Bi(/C). 

Proof, {i). Let P be a centrally indecomposable group and take b := Bi(P), V ~ 
P/P', W = P'. Suppose that X is a _L-decomposition of b. It follows that {X x 
b{X,X) : X G X} is central decomposition of Grp(Bi(P)), Proposition 13.61 By 
Proposition 13.71 fw) we know P is isomorphic to Grp(Bi(P)) so that Grp(Bi(P)) 
must be centrally indecomposable. Therefore, X x b{X,X) — Grp(Bi(P)) ~VxW 
so that X = V, for each X G X. Since no proper subset of X generates V it follows 
that X — {V} and b is ±-indecomposable. 

Next suppose that b is _L-indecomposable and that P — Grp(6). Suppose that 
is a fully refined central decomposition of P. Then {HP' /P' : H e TL] is a 
_L-decomposition of Bi(Grp(6)), Proposition [331 Proposition 13 . 71 (i) states that 6 is 
pseudo-isometric to Bi(Grp(6)) and so HP' /P' — P/P' , or rather HP' = P, for 
each Hen. Hence H' = P' for each H e H. Since P' ^ 1 there is an H e H 
which is non-abelian. Furthermore, H is centrally indecomposable so that by hem- 
ma[2H(i), H' = Z{H). Therefore, HP' = H A for some A < Z{P) such that 
H'A = P', Lemma [2ll(i). But H' = P' forces A = 1. Thus H = P, and P is 
centrally indecomposable. 

(ii). This follows from Proposition 13.61 Proposition 13.41 and (z). Finally, (iii) 
follows from Proposition 13. 51 □ 



Example 3.9. If H is p-group of class 2 and exponent p with b = B\{H) then 



B\{Ho---oH) = & _L •• • _L 6, 
(cf. (j2.2p ]■ Furthermore, the canonical central decomposition . . . , i/„} of 

n n 

H o ■ ■ ■ o H corresponds to the canonical J^- decomposition {Vi, . . . , Vn} ofb _L • • • _L fe. 
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4. Adjoint and self-adjoint operators 



This section proves a structure theorem for isometry groups (Theorem I4.19|) , 
introduces a criterion for groups/bihnear maps to be indecomposable (Theorem 
I4.46p . and proves a stronger version of the first part of Theorem 11.11 (Theorem 



Throughout this section let b : V xV ^ W he non-degenerate Hermitian bilin- 
ear map over a field k (cf. ()2.12p ). We associate to 6 a *-algebra, and a Hermitian 
Jordan algebra of self-adjoint elements. The isometry group of & is a subgroup of 
the group of units of the *-algebra and _L-decompositions are represented by sets 
of pairwise orthogonal idempotents of the Jordan algebra. 

4.1. The adjoint ^-algebra Adj(&). 

Definition 4.1. (i) A map f G EndF has an adjoint /* e EndF for b if 



Write Adj(6) for the set of all endomorphisms with an adjoint for b. 
(a) A ^-algebra is an associative k-algebra A with a linear bijection * : A —^ A 

such that (ab)* — b*a* and (a*)* — a for all a,b G A. 
(Hi) A homomorphism f : A ^ B of ^-algebras is a *-homomorphism if a* f = 

(«/)* for all a e A. 
(iv) The trace of A is T{x) = x x* for all x ^ A. 
(v) The norm of A is N{x) — xx* for all x & A. 

Proposition 4.2. Adj(6) is an associative unital ^-algebra; in particular, adjoints 
are unique. 

Proof Let / e Adj(6) and /',/" G EndV where b{u,vf') = b{uf,v) = b{u,vf") 
for all u,v ^ V. As b is non-degenerate, vf = vf" so that /' = /". If /, g G Adj(&) 
then b{u{fg),v) = b{uf,vg*) — b{u,v{g* f*)) for u,v G V; so, fg G Adj(&) with 
ifg)* = g*f*- Since b{u,v) = b(v,u)9 for u,w G V^, it follows that b{uf*,v) = 
b{v,uf*)9 = b{vf,u)9 = b(u,vf) for every / G Adj(&). Hence, /* G Adj(&) and 

{f*y^f- □ 

Proposition 4.3. Let b -.V xV W and b' : V x V' W be non-degenerate 
Hermitian maps. 

(i) A pseudo-isometry (a,/?) from b to b' (cf. (j2.13p ] induces a ^-isomorphism 



o/Adj(6) to Adj(6'). In particular, Isom*(6) acts on Adj{b). 
(a) Let (p G GL(t^) and s € . Then {ip,slw) G Isom*(6) if, and only if. 
If G Adj(6) and (f-p* = sly. Hence, 



Proof, [i) We have 

b'{uf^°'^^\v) ^b'{ua-^fa,va-^a) ^ b{ua-^ f^va"^)/] 
- b{ua-\va-'f*)P = fe'(u,«(r)("^'^)), 
foreachu,w G F'and/ G Adj(6). Hence /("''^^ G Adj(6')with (/("^Z^))* ^ (^j*y,o.j3) _ 



mi]). 



b{uf,v)^b{u,vf*) 



Vu, V €V. 



f ^ f^"^^^ ■■ 




Isom(fo) = {(p G Adj(6) : (pip* = ly}- 
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(m) Take {(p,slw) G Isoni*(6), s E . Then 

b{uip,v) = b{uip,vip^^(p) — sb{u,v(p^^) ~ b{u, svLp'^^), Vu,w £ V. 

Hence f G Adj(6) with ip* = sip^^. Conversely, if <y9 G Adj(6) with ipip* — sly then 

b{u(p,v(p) — b{u,VLpip*) = sb{u,v), \/u,v G V. 

Thus {(f, slw) e Isoni*(6). □ 

4.2. Simple *-algebras and Hermitian C-forms d : V xV C. In this section 
we summarize in a uniform manner the known results of finite simple *-algebras 
(Theorem 14. 4p and the corresponding finite classical groups (Proposition 14.15]) . 

Theorem 4.4. A finite simple ^-algebra of odd characteristic is ^-isomorphic to 
one of the following for some n G N and some field K : 

Orthogonal case: A'In{K) with the X DX^D^^ as the involution, for 
X G Mn{K), where D is either In or © [lo] and lu E K is a non-square 
( compare (|2.18p ). 

Unitary case: Mn{F) with involution X i— > X^, where F/K is a quadratic 
field extension with involutory field automorphism x t-^ x, x E F, applied 
to the entries of X E Mn{F). 
Exchange case: Mn{K(BK) with involution X ^ X*. where {x,y) := {y,x) 
for {x,y) E K®K, defines an involution on K (B K which is applied to the 
entries of X E Mn{K ®K), 
Symplectic case: Mn(M2{K)) with involution X X*, where 

-1 



a b 




■ d -~b 




■ 1 




a b 




■ 1" 


c d 




— c a 




-1 




c d 




-1 



(4.5) 

defines an involution on A/2 (A') which is applied to each entry of X E 
M„(M2(K)). 

Proof. See [TT, p. 178] restricting consideration to finite fields. (Compare with Theo- 
rem EH Proposition HIISl (|2T8l) . and Corollary [HIl ) □ 

The above description of these algebras will allow us to give uniform proofs later; 
however, there are simpler and more standard descriptions, for example: 

Remark 4.6. The exchange type *-algebras can also be described as Mn{K) © 
Mn{K) with {X,Y)* = (y*,X*) for {X,Y) E M„(if) ® M„(if). 

The symplectic type ^-algebras are ^-isomorphic to M2n{K) with involution X* = 



JX^J ^ , for each X E M2n{K), where J :— In 



1 
-1 



[11, p. 178]. 



Definition 4.7. [T2l Definition 6.2.2] A ^-algebra C is an associative composition 
algebra over a field K (where by convention x* is denoted x and bar replaces * in 
the definitions) if 

(i) K = {x E C : X — x} and 

(a) xax = for all a E C implies x = 0. 

Theorem 4.8. [12, Theorem 6.2.3] Over a finite field K of odd characteristic each 
associative composition algebra C is bar- is amorphic to one of the following: 
(i) K with trivial involution, 

(a) a quadratic field extension F/K with the involutorial field automorphism. 
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(Hi) K (B K with the exchange involution (x, y) = (y, x) for (x, y) ^ K (B K , or 
(iv) M2{K) with the involution (14. 5p . 

In particular these algebras are simple bar-algebras and with the exception of ex- 
change also simple algebras. Norms (cf. Definition \4..1\ {v) ) behave as follows: 
N{C) ^KifC>K; otherwise, N{K) = K'^ . 

Definition 4.9. Let C be an associative composition algebra and V be a free left 
C -module. We call a K -bilinear map d :V y.V ^ C a Hermitian C-form if, for 
u,v and s ^ C , it follows that: 



(i) d{u,v) — d{v,u), and 

(ii) d{su,v) — sd{u,v) and d{u, sv) — d{u,v)s. 
The rank of d is the rank of V as a free left C -module. 

Note that a Hermitian C-form is also a Hermitian if-bihnear map and the usual 
definitions of (pseudo-)isometries apply. It is most important to note that d{x,x) = 
d{x,x); hence, d{x,x) G K, for all x ^V. 

Let C be an associative composition algebra over K and D £ M„(C) where 
D — D*. Then doiu^v) := uDv*, for u,v G C", determines a Hermitian C-form 
: C" X C" ^ C. Here adjoints /, /* G Adj(d_D) can be represented as matrices 
F,F* £ MniC) such that: 

mFDv* = dD{uf,v) = dD{u,vf*) ^ uD{F*Yv\ Vu,w S C". 

Hence, FD = D{F*f. As D is invertible, Adj(d£,) ^-isomorphic to M„(C) with 
involution defined by 

(4.10) F*:=DF^D-\ "iF e M„{C). 

Likewise, ii d : V x V ^ C is a Hermitian C-form and X is an ordered basis of 

V as a free left C-module, then setting D^y := d{x,y), for all x,y £ X, determines 
a matrix D in M„(C), n = \X\, such that D = and the Hermitian C-form 
given by D is isometric to d. Furthermore, d is non-degenerate if, and only if, D is 
invertible. So we have: 

Corollary 4.11. Every simple ^-algebra is ^-isomorphic to Adj((i) for a non-de- 
generate Hermitian C-form d :V x V C. 

In the cases where C has orthogonal or unitary type we have the usual symmetric 
and Hermitian forms, respectively. Suppose instead the C = M^iK) and that 
d : V X V ^ C is the non-degenerate Hermitian C-from d{u,v) := uu*, where 

V — C". There is a natural submodule U oi V defined by: 



U := 











< V. 



Furthermore, d{U, U) = K\ hence, the restriction du : U x U —^Kisa bilinear 
form. It is easily checked that du is alternating and non-degenerate. The case when 
C has exchange type is not usually handled as a form but for a uniform treatment 
we find it convenient. In particular we may state: 

Definition 4.12. Given a non-degenerate Hermitian C-form d : V x V —>■ C , an 

element x £ V is non-singular if d{x,x) ^ and dimCa; = dimC. 
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Proposition 4.13. Every non- degenerate Hermitian C-form d : V x V ^ C has 
an orthogonal C-basis X (i.e.: X is a C-basis for V and d{x,y) — if x ^ y, 
x,y e X). Furthermore, every fully refined J^- decomposition of d determines an 
orthogonal basis and so every J^-indecomposable has rank 1. 

Proof. First we show that there is always a non-singular vector x V. 

Suppose otherwise: d{x, x) — for any x £ V such that dim Cx = dim C. 
Immediately, d{v,v) = for all v E V and thus —d{v,u) = d{u,v) = d{v,u) for 
u,v € V. 

For each u £ V, Cd{u, V) + d{V, u)C is a bar-ideal of C. As C is a simple bar- 
algebra (TheoremHH), Cd(u, V) + d{V, u)C = or C. If Cd{u, V) + d{V, u)C = 
then Cd{u, V) = and d{V, u)C = 0; hence, u e radd = 0. Thus, C = Cd{u, V) + 
d{V, u)C for all w e F — {0}. We split into two cases. 

If C = Cd{u, V) then 1 = d{su, v) for some s G C and v £ V. Then 1 = 
1 = d{su^v) = —d{su,v) = —1, so char K — 2, which we exclude. Similarly, 
d{V,u)C^C. 

Now suppose C ^ Cd{u,V),d{V,u)C. Then Cd{u,V) is a proper ideal of C. 
Form Theorem 14 . 81 this requires C — K ®K with the exchange involution. Without 
loss of generality, take Cd{u, V) — K (B 0. Hence (1, 0) = sd{u, v) for some s G C 
and V £ V. Thus, (1, 1) = d(su, v) + d{su, v) — d{su, v) — d{su, v) = 0, which is a 
lie. Therefore, there exists a non-singular vector x £ V. 

As 7^ d{x, x) = d{x, x) it follows that d{x, x) G . Then d (^v — ^|^'^j a;, x^ — 

div,x) - 2^^dix,x) = 0, for v e V. That is, v ~ jj^^x G x^; hence, v = 
iy ~ ^^ows that V — Cx^x^ . Siucc CxC\x^ = it follows that 

V = Cx © x^ . Restrict d to x^ and induct to exhibit an orthogonal basis X for d 
on a;-'-. Thus X U {x} is an orthogonal basis of d owV . □ 



Notice in the case of symplectic type, if {xi, . . . , is an orthogonal C-basis for 
d, then V = Cxi _L ■ • ■ _L Cxn- Translating to the associated alternating bilinear 
form d' , the orthogonal basis becomes a hyperbolic basis: [/ = i _L ■ • • _L _ff„ 
where each Hi is a hyperbolic line (cf. [H Definition 3.5]). In the case of exchange 
type, a natural orthogonal basis is given by {(a:, x) : x X} where X is a if-basis 
ofU andV = U ®U,U = /sT". 

Corollary 4.14. // C does not have orthogonal type then d has an orthonormal 
C-basis (i.e.: a basis X where d{x,y) = 6xy, for all x,y X ). In particular, d is 
pseudo-isometric to the C-dot product d : C" x C" C where d{u,v) := uv* , for 
all u,v G V . 

Proof. From Theorem 14. 8[ N{C) ~ K whenever C > K. Therefore ii v E V such 
that d{v,v) ^ then d{v,v) — N{s) — ss for some s G C^ . Let u ~ s^^v so 
that d{u,u) = s~^d{v,v)s~^ = s~^N{s)s~^ = 1. By Proposition 14. 131 we have an 
orthogonal basis X for d. Replace each x e X with s~^x so that d{s^^x, s~^x) = 1 
and {s~^x : x G X} is still an orthogonal C-basis. □ 

Proposition 4.15. Let d : V x V C be a non- degenerate Hermitian C-form. 
Then Adj(d) — Endy = M„(C) as an algebra, and the following hold: 

Orthogonal case: C = K and Isom(rf) = GO(d); 

Unitary case: C = F and Isom((i) = GU(d); 
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Exchange case: C = K ® K, Isoni((i) = GL(C/), V = U ®U; and 
Symplectic case: C = A'hiK) and Isoni(d) = Sp(?7), V = U ®U. 

Proof. The first two cases are by definition alone, li C = K (B K then Adjp((i) = 
End U © End U with (/ © g)* — g (B f . Hence, the isonietry group is: 

Isoni((i) = {/ © g e GL(;7) e GL(;7) : (/ e g){f e 5)* = 1 © 1} 

= {/ ® : / e GL(C/)} = GL(C/). 

Finally, if C = M2{K) then Adj(d) = Adj(d') where c?' is the non-degenerate 
alternating if-bilinear form on U, Remark 14.61 Therefore Isom(d) = Isom((i') as 
both are the set of elements defined by (pip* = 1 (Proposition 14. 31 (m ) ) . The latter 
group is by definition Sp{U). □ 

4.3. Radical and semi-simple structure of ^-algebras. 

Definition 4.16. ft) A ^-ideal is an ideal I of a ^-algebra A such that I* = I. 

fti) speCp A is the set of all maximal *-ideals of A. 
ftii) A ^-simple algebra is a * -algebra with exactly two * -ideals, 
ftv) A *-semi-simple algebra is a direct product of simple ^-algebras. 

(v) A ^-ideal is nil if it consists of nilpotent elements. 

Theorem 4.17 (*-algebra structure theorem). Let A be a ^-algebra with Jacobson 
radical v&d A. Then 
ft) radA is a nil * -ideal, 
fti) A/vadA is *- semi- simple, and 

ftii) if A is ^-simple then A = Adj(c?) for a non- degenerate Hermitian C-form d. 

Proof, (i) Since * is an anti-automorphism of A, every left quasi-regular element is 
mapped to a right quasi-regular element. Thus (radA)* C v&dA. Since A is finite 
dimensional, the Jacobson radical is nilpotent. 

[ii) We induce * on A/ rad A, so that A/ ladA is a *-algebra which is product of 
uniquely determined minimal ideals. If / is a minimal ideal of A/ ia,dA then cither 
/* = / or / n /* = so that (/,/*) = / © /* is a minimal ^-closed ideal. Thus 
A/ radA is a product of simple ^-algebras. 

For (Hi) see Section |4?2] □ 

4.4. Isometry groups are unipotent-by-classical. We describe the structure 
of the isometry group of a Hermitian bilinear map. To do this we invoke the 
following generalization of the Wedderburn Principal Theorem for finite dimensional 
^-algebras over fields not of characteristic 2 (cf. [TS]). 

Theorem 4.18. |24i Theorem 1] Given a finite dimensional ^-algebra A over a 
separable field k, there is a subalagebra B of A such that B* = B, A = B Q) radA 
as a k-vector space, and B = A/ radA. 

Recall that the p-core of a finite group G, denoted Op{G), is the largest normal 
p-subgroup of G. 

Theorem 4.19. // Adj (6)/ rad Adj (5) = Adj(di) © ••• © Adj(rfs) where di is a 
non-degenerate Hermitian Gi-form, for some associative composition algebra Gi, 
for each 1 < i < s, then 

Isom(6) = (Isom(fii) x • ■ • x Isoni((is)) k Op(Isoni(6)), 

where p is the characteristic of Adj (5) . 
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Proof. Let A Adj(6). By Theorem [4.181 we have A = B (S radA where the 
projection map n : A B is a surjective *-homomorphism with kernel radyl. Now 
set G = {ip e B : ipip* = 1} and N = {(p e A : ipip* = l,(p - 1 e radA}. If 
(f = l + z,r = 1 + z' G N, z, z' e rad A, then (pr — 1 — z + z' + zz' G rad A so 
that (fiT e N. Hence, G and N are subgroups of Isoni(fe) and GnA^=l. AsTrisa 
*-homomorphism, (ipi:) {(pi:)* — {pLp*)-K = 1 for all ip G Isom(6) C A (Proposition 
I4.3I (m)). Hence, Isom(6)7r = G. Finally, the kernel of tt restricted to Isom(6) is A^. 
Thus Isom(6) = G ix A. Since B = A/ radA = M]{di) © • • • © M]{ds) it follows 
that G = Isom(di) x ••• x Isom(c?s) (Proposition By Proposition 14.151 
Op(G) = 1. Thus, Op(Isom(6)) =N. □ 

4.5. The Jordan algebra Sym(6) of self-adjoint operators. At last we intro- 
duce the Jordan algebras associated to our bilinear maps (and thus to our p-groups 
as well). 

Definition 4.20. For a k-bilinear map b : V x V ^ W, define 

Sym(6) := {/ eEndV : b{uf,v) = b{u,vf),Vu,v e V} 

(The notation Sym(6) has no relationship to symmetric groups.) This is an 
instance of a broader class of objects (see Theorem I4.23|) : 

Definition 4.21. Given a *-algebra A, the special Hermitian Jordan algebra of A 
is the set 

Sj{A, *) = {a e A : a = a*} 
equipped with the special Jordan product x • y — ^{xy + yx) \X\\ pp. 12-13]. 

Special Hermitian Jordan algebras are part of the family of unital Jordan alge- 
bras, which are algebras J with a binary product • such that: 

(i) x»y^yx, 

(ii) x'^ • [y • x) = (x*^ • y) • X where x*^ = x • x, and 

(iii) x»l = l»x = x 

for all x,y € J |11[ Definition 1.2]. Unless stated otherwise, our use of Jordan 
algebras is restricted to finite special Hermitian Jordan algebras. As we deal only 
with odd characteristic, the definitions we provide for ideals, powers, and related 
properties are in terms of the classical x • y product rather than the quadratic 
Jordan definitions. This said, we still have many uses for the quadratic Jordan 
product which in a special Hermitian Jordan algebra J := Sj{A, *) is simply: 

(4.22) y[/^ := xyx G J, x,y £ J. 

Evidently the Jordan product • need not be associative. However, we always have 
x'»x^ = ^{x'+^+x^+') = x'+^, i,j eN (cf. [ni p. 5]). AsJ = Sj{A,*) and 1* ^ 1, 
the identity of J is the identity of A. Furthermore, if x G J is invertible in A then 
(a;~^)* = {x*)~^ = x~^ proving that x^^ G J. Hence we omit the • notation in the 
exponents of our Jordan algebra products. 
From our discussion thus far we have: 

Theorem 4.23. For every non- degenerate Hermitian bilinear map b, Sym(5) is 
the special Hermitian Jordan algebra io(Adj(6)). Furthermore, Isom*(6) acts on 
Sym(5) as in Proposition \^.3\ 



Proof. This follows directly from the definitions. 



□ 
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Definition 4.24. [T2| 4.1-4.2] Let J be a Jordan algebra. 

(i) A subspace I of J is an ideal if I • J C /. Then, in the usual way, J/ 1 

becomes a Jordan algebra, 
(a) A nil ideal is an ideal that consists of nilpotent elements. 
(Hi) A subspace I is an inner ideal if JUj — {aUb : a G J, 6 e /} C /. 

(iv) The radical, denoted ia,d J , is the intersection of all maximal inner ideals |12[ 
4.4.10]. 

(v) J is simple if it has exactly two ideals, and semi-simple if it is a direct product 
of simple Jordan algebras. 

In Jordan algebras, the inner ideals often play the role that left /right ideals play 
for associative algebras. Every ideal of a Jordan algebra is also an inner ideal. As 
J = ^{A, *) (cf. Definition 14. 2ip each ideal I oi A determines an ideal I H J oi J. 
Likewise, if / is a left or right ideal of A then / n J is an inner ideal. For further 
details see ^ 4.1-4.2]. 

We can account for all the special simple Herniitian Jordan algebras (also called 
special Jordan matrix algebras) in much the same way as we have describe the 
simple ^-algebras. 

Definition 4.25. [HI III. 2] Let C be a finite associative composition algebra over 
a field K and D = Diag[wi, . . . , w„] a matrix in Mn{C) with entries in . Then 
the special Jordan matrix algebra with respect to D is 

S){D) ^{X £ Mn{C) : X = DX^D-^} 

whose product is X •¥ = ^{XY + YX) and where XUy = YXY forX,Y e Sj{D). 

Following Section 14.21 we know d{u,v) :— uDv^, u,v £ C", determines a non- 
degenerate Hermitian C-form and 

(4.26) S)iD) = i3(Adj(d)) - Sym(rf). 

By [m p. 178-179], Sj{D) is a special simple Hermitian Jordan algebra (though 
typically the case oi C = K ® K is not specified in this manner) . 

Theorem 4.27 (Hermitian Jordan algebra structure theorem). Let A be a finite 
^-algebra with Jacobson radical v&AA, and let J — S){A^ *). 

(i) rad J — J H ladA and is a nil ideal of J , 
(a) J/ rad J is a semi-simple Jordan algebra, 

(Hi) every special simple Hermitian Jordan algebra is isomorphic to Sym(d) for 

some non-degenerate Hermitian C-form d. 
(iv) for every I G specg A, J f] I is a maximal ideal of J . 

Proof. (Hi). This follows from [TI] pp. 178-179, Second Structure Theorem]. 

(a). This follows from (Hi) and Theorem l4. 171 (ii) . J/(Jnrad A) = 9j{A/Ta,dA, *) 
is semi-simple. 

(*)■ By p. 161, First Structure Theorem] (interpreted in radical vocabulary 
in [H 4.2.7,4.2.15]), rad(J/radJ) = and also rad J = if, and only if, J is 
semi-simple. Thus, by (Hi), it follows that JflradA = rad J. By Theorem|4lT7l(i), 
radyl is a nil ideal, and so rad J — J Ci rad A is also a nil ideal. 

(iv). This is immediate from (Hi) and Theorem 14. 171 (Hi) . □ 
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4.6. Decompositions, idempotents, and frames: £{X). We show how idem- 
potents of Sym(&) parameterize _L-decompositions of a Hermitian fc-bihnear map 
b : V X V ^ W. We start with the elementary 

Lemma 4.28. If f E Sym(6) then 6(im/,ker/) = 0. 

Proof. Let u E V and v E ker /. Then b{uf, v) — b{u, vf) = 0. □ 

By standard hnear algebra, an idempotcnt e in End V decomposes V as im e © 
kere. In light of Lemma l4.281 if e G Sym(6) then 6(ime,kere) = 0, so we arrive at 
a ^-decomposition {ker/, im/}. 

Definition 4.29. [Til pp. 117-118] Let J be a Jordan algebra. 

(i) An idempotcnt is an element e in J such that (? = e. It is proper if it is 
neither nor 1. 

(a) The Peirce-1- space of an idempotent e is the subspace JUe. The Peirce-0- 
space is JUi-e- These are Jordan algebras (in fact inner ideals) with identity 
e and 1 — e, respectively (cf. Proposition \4.30^ . 

Proposition 4.30. Let e E EndV^ with e^ = e, E := Ve and F := ^(1 - e). 

(i) e E Sym(6) if, and only if, b{E,F) = 0. 

(ii) If e E Sym(&) then Sym(6)C/e is isomorphic as a Jordan algebra to Sym(6£) 
via the restriction of f E Sym{b)Ue to {fUe)\E '. E E. 

Proof. Lemma [4.281 proves the forward direction. For the converse, as b{E, F) = 
it follows that b{ue, v{l — e)) = = b{u{l — e), ve) for all u,v E V. Hence 

6(iie, v) — b{ue, ve + v{l — e)) — b{ue, ve) — b{ue + u{l — e), ve) — b{u, ve), 

for all u,v eV\ thus, e E Sym(6). 

For (jni, note that Sym(6)C/e C eAdj(6)e and so Sym(6)t/e is faithfully repre- 
sented in End-E by restriction. Furthermore, b{uexe, v) = b{u, vexe) for all u,v E E 
and X E Sym(6). Thus the restriction of Sym{b)Ue is Sym(6£;). □ 

From Proposition 14.301 (i) we see that F — E^ (cf. Definition 12 . 1 71 (m) ) . 

Definition 4.31. [HI pp. 117-118] Let J be a Jordan algebra. 

(i) Two idempotents e,/ in J are orthogonal ife*f = fUe — eUf — |12[ 5.1]. 

(ii) An idempotent is primitive if it is not the sum of two proper orthogonal idem- 
potents. 

(Hi) A set of idempotents is supplementary if the idempotents are pairwise orthog- 
onal and sum to 1. 

(iv) A frame £ of J is a set of primitive pairwise orthogonal idempotents which 
sum to 1. 

Idempotents in special Jordan algebras are idempotents in the associative algebra 
as well. If e, / E Sym(6) then e and / are orthogonal idempotents in Sym(6) if, 
and only if, they are orthogonal in Adj(&). To see this, if = e • / = ^{ef + fe) 
and e/e = fUe = then ef = ef -\- efe — e{ef -\- fe) = and also fe — 0. If 
ef = = fe then e • / = i(e/ + /e) = (cf. [H P- 5.4]). However, if e is a 
primitive idempotent in Sym(6) it need not follow that e is primitive in Adj(&) since 
there may be orthogonal idempotents in Adj(6) which sum to e but do not lie in 
Sym(6). 
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The following definition is based on standard uses of idempotents in linear alge- 
bra. 

Definition 4.32. Let V be a vector space over k. 

(i) Let £{y) he the set of supplementary idempotents parameterizing a given ®- 
decomposition y ofV. 

(ii) Let X{!F) be the ®- decomposition arising from a set of supplementary idem- 
potents T ofYjvAY. 

Theorem 4.33. Let X be a ®- decomposition ofV and let £ — £{X). 

(i) £{X) C Sym(6) if, and only if, X is a L- decomposition ofh. 
(ii) X is a fully refined J- -decomposition if, and only if, £ is a frame. 
(Hi) Let X be a L- decomposition. Lf {a, a) G Isom*(6), then Xa ~ X{£^°''"'>) 

and 5''"'"' — £{Xa). In particular, Isoni*(6) acts on the set of all frames of 

Sym(6). 

Proof. Part (0) follows from Proposition 14. 301 Part ([u]) follows from observing that 
an idempotent e e Sym(6) is primitive if, and only if, bye is X-indecomposable. 

For part if e £ £ and x e Vea, then x(e*-"'"-') = {{xa^^)e)a = xa^^a = x. 
Therefore ^(e^"'")) = Vea. □ 

4.7. Linking central decompositions, _L-decompositions, frames, and or- 
thogonal bases: Hi, Xj, £j, and X^i^jy We use the following notation repeatedly 
as a means to track the changes from p-groups, to bilinear maps, to ^-algebras, to 
Hermitian forms, and then back. As usual, we assume that P has class 2, exponent 
p, and P' = Z{P). 

Let 7i be a fully refined central decomposition of P, X a. fully refined _L- 
decomposition of b :— Bi(P), £ a frame of J :— Sym(6), A := Adj(5), and 
/ G speCpA (that is, / is a maximal *-ideal of A). Define: 

(4.34) £i^{ee£:e(^I}, 

(4.35) Xi = {X eX ■.ee£{X)i,X = Ve}, 

(4.36) Hi = {H eU: HP'/P' eB\{H)i}. 

Since A/I = Adj(d(J)) for some non-degenerate Hermitian C-form d := d{I) : 
UxU ^C, (Theorem|4lT7l(Mi))), it follows that J/ {If] J) = Sym(<i). Hence, In J 
is a maximal ideal of J (Theorem 14.271 (zf) ) . Therefore, £i parameterizes a frame 

(4.37) fj/(/nj) :={(/n J) + e:eef/} 

of J /{I n J). Furthermore, this gives rise to a fully refined _L-decomposition 

(4.38) Xdii) := {C/er : e e £i} 

of d{I) where t : A/I ~> Adj(c?(/)) is a ^-isomorphism. Certainly, <^(i(/) depends 
on the choice of t but we consider r fixed. This influences the definition of address 
in Section 

Proposition 4.39. Let H be a fully refined central decomposition of P, X := B\{H), 
and £ := £[X). The sets Hi, Xi, £i, ^j/(/nj); o-i^d, <^rf(/) are in bijection. 

Proof. This follows from Theorem 13.81 (ii). Theorem I4.33l (ii). Theorem 14.271 (iii). 
and Proposition 14. 131 □ 
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Proposition 4.40. For every fully refined central decomposition "H of P with P' = 
Z{P), the set {Til : I G specp Adj(Bi(P))} partitions Ti. . Furthermore, jTi/j depends 
only on P and I G speCg Adj(Bi(P)). 

Proof. By Proposition 14.391 we know Tij is in bijection with Sj for each maximal 
*-ideal of Adj(Bi(P)). As £ is partitioned by Ej, as / ranges over the maximal 
*-ideals of Adj(Bi(P)), it follows that {Hi : I G specg Adj(Bi(P))} partition H. □ 

4.8. All fully refined central decompositions have the same size. We now 

prove the first part of Theorem ll.ll (z) - that fully refined central decompositions 
of a p-group P of exponent p and class 2 have the same size. 

Theorem 4.41. Let P be a finite p-group of class 2 and exponent p and H. a fully 
refined central decomposition. Let Q := (/C), ]C := 7i — Z{Ti.). Then 7i is partitioned 
into 

(4.42) Z{n) U {/C/ : / G speCp Adj(Bi(g))}. 

Furthermore, \Z[T-L)\ and \1C\ are uniquely determined by P, and |H| is uniquely 
determined by P. 

Proof By Lemma Owe know P ^Q®A with A < Z{P) and Q' = P' = Z{Q). 
Furthermore, \Z{n)\ = logp\A\ = logp[Z(P) : P']. Therefore, Lemma HH and 
Proposition 14.401 complete the proof. □ 

4.9. The five classical indecomposable families. By Theorem 14.331 ^ bilin- 
ear map b has no proper _L-decompositions if, and only if, and 1 are the only 
idempotents of Sym(fe). But more can be said if Adj(6) is considered as well: 

Lemma 4.43 (Fitting's Lemma for bilinear maps). Ifb is ^--indecomposable then, 
for every x G Adj(6), T{x) = x + x* is either invertible or nilpotent. In particular, 
every x G Sym(6) is either invertible or nilpotent. 

Proof. Set y = x + x* and note y'' G Sym(fe) for all r G N. By Fitting's lemma there 
is some r > such that V — imy^ (B kerj/'". By Lemma [4.281 6(im j/*", ker y*") = 0. 
So we have a _L-decomposition of b. Since b is _L-indecomposable, y*" = so that y 
is nilpotent, or kery'' ~ and imy^ ~ V so that y is invertible. □ 

Theorem 4.44. [T51 Theorem 2] // {A, *) is a *-algebra over a finite field of odd 
characteristic such that T(x) is either invertible or nilpotent for each x £ A, then 
A/radA is an associative composition algebra. 

Corollary 4.45. For a k-bilinear map b the following are equivalent: 

(i) b is ^--indecomposable, 

(ii) Sym(6) has only trivial idempotents, 

(Hi) J/radJ is isomorphic to a field extension ofk. 

(iv) A — Adj(6) has A/ i&dA is isomorphic to an associative composition algebra. 

Theorem 4.46. A p-group P of class 2 and exponent p is centrally indecomposable 
if, and only if, one of the following holds withG := CAutpiZ{P))/Op{CAutpiZ{P))): 
Abelian: |P| = p, 

Orthogonal: G = 0{l,p'^) = Z2 with p 7^ 3, or p ~ 3 and 

C Ant Pop{P')/Op{C Ant Pop{P')) - GO±(2,3^); 
Unitary: G ^ C/(l,p'=) ^ 1p^+i, 
Exchange: |P| ^p and G = GL(l,p'^) = 'Lp's-i, or 
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Symplectic: G ^ Sp(2,p^) ^ SL{2,p''); 
for some e > 0. 

Proof. This follows from Corollary 14. 45| Theorem [4. 191 and Theorem \3M □ 

In Section[7]we demonstrate that with the possible exception of the unitary type, 
each of these types can occur. 

5. ISOMETRY ORBITS OF ±-DECOMPOSITIONS 

In this section we describe the orbits of C Aut p{P') in its action on the set of 
fully refined central decompositions. To do this, we define a computable CAut p{P')- 
invariant for each fully refined central decomposition called its address. Then we 
prove that any two fully refined central decompositions with the same address lie 
in the same orbit. 

5.1. Addresses: H@ and X@. 

Definition 5.1. Let d : V x V C be a non-degenerate Hermitian C-form. 

(i) Given a non-singular x eV (cf. Definition \4.1^ , the address of X :~ Cx is 

X@ := d{x,x)N{C''), 

as an element of /N{C^ ). 
(a) X@ :— {X@ : X € X} (as a multiset indexed by X) for every fully refined 
Jl- decomposition X of d. 

From Theorem 14.81 we know N{G) ^ K ii C > K and therefore the addresses of 
non-singular points of a non-symmetric non-degenerate Hermitian C-form are all 
equal to K^. However, for non-degenerate symmetric bilinear forms, the address 
is a coset of (K'-^)^. 

Let d : V X V —^ K he a non-degenerate symmetric bilinear form. Fix to £ 
— [K'^Y . Every address of a non-singular point of V is either [1] := {K'^Y or 
[cj] := Lo{K''' Y. If X is an orthogonal basis of d, then for some < s < n, 

n—s s 

(5.2) X@ = {^C^lVC^]}, n = A\mV. 

We write (n — s : s) for the address X@. 

The discriminant of a Hermitian C-form d is 

(5.3) disc(i= X@ 

xex 

as an element of /N{C^) (cf. (|2.19p V In particular, if d is symmetric then 
discd = [u^] (cf. (|5.2p ). Otherwise we can regard the discriminant as trivial. 

Let P be a p-group P of class 2, exponent p, and P' = Z{P). Let be a fully 
refined central decomposition of P, X :— B\{H), and £ £{X). Using the notation 
of Sect ion l¥771 and Proposition l4.391 for each maximal *-idcal / of Adj(Bi(P)), assign 
the address of Tij, Xj, £j, and £j/[inj) as the address of X^(^jy Finally, 

(5.4) £@ {{I,£i@) : / £ spec^ Adj(Bi(F))}, 

(5.5) X@ := {(/, Xi@) : I e speco Adj(Bi(F))}, 

(5.6) n@ {(/, Hi@) : I £ specp Adj(Bi(F))}. 
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Remark 5.7. Recall that ^^(7) depends on the choice of non-degenerate Hermitian 
C-form d := d(I) : U xU C . Any other choice is pseudo-isometric to d. Suppose 
that d' : U' X U' ^ C is pseudo-isometric to d via (a, (3). Let u € U such that 
d{u,u) e (cf. Proposition \4.13\ ). Then 

(5.8) d{u, u)(3 — d{ua, ua) = d(ua, ua) = l3d{u, u). 

Hence, (3 = (3; thus, [3 ^ . 

The affect is that Xd'®[3 = Xd@. Therefore the specific cosets in /N{C^ ) 
are not significant, rather the total number of members with the same address. For 
finite fields the notation (n — s : s) is sufficient to record the address unambiguously. 

Proposition 5.9. (i) If X is a fully refined Jl- decomposition ofb and if € Isoni(6) 
then X@ = X(p@ for all X £ X. 
(ii) If TL is a fully refined central decomposition of P and Lp G Cx^tp{P') then 
H@ = Hip@ for all H eH. 

Proof (i). Let / e speCoAdj(6) and Adj(&)// = Adj(d), d d{I) -.UxU-^C. 
By Proposition 14.31 fw) . Isom(6) maps into Isoni((i). Let X £ Xj and Cx, x £ U, 
the corresponding member of X^^j). The address of X is by definition the address 
of Cx. As d{x, x) = d{xif, xip) it follows that Cxip@ = Cx@ and Xip@ = X@. (ii). 
This follows from (i) and Theorem 13.81 □ 

5.2. Orbits of fully refined _L-decompositions of non-degenerate Hermit- 
ian C- forms. The theorems of this section are undoubtedly known, though with 
different terminology. 

Lemma 5.10. Let d : V x V C be a non-degenerate Hermitian C-form and 
X a fully refined ^--decompositions of d. Then, for each ip G Isom((i) there is a 
T G Isom(d) which is a product of involutions and such that Xip ~ Xt, for X £ X. 

Proof. If the rank of ^ is 1 then let r = 1. So assume the rank is greater than 1. 
By Proposition [47151 we have the four classical groups to consider. The orthogonal 
groups are generated by reflections so take r := ip. In the exchange, unitary, and 
symplectic cases, the rank of V excludes the case GF{q)^ , GU(1,(7) and Sp(2, (7). 
Therefore the relevant symplectic groups are generated by their involutions and 
again r := ip. In the exchange and unitary cases the involutions generate a nor- 
mal subgroup N > lsom{d) n SL{V). Therefore <p = ^ (mod N) where /i is a 
diagonalizable. Without loss of generality, Xfi — X, so take r := fi~^(p € N. □ 

Theorem 5.11. Let d : V xV ^ C be a non-degenerate Hermitian C-form and X 
and y fully refined J--decompositions of d. Then there is an isometry (p of d such 
that Xip = y if, and only if, X@ = 3^@. Indeed, if (f> : X ^ y is a bisection where 
Xcf)© = X@ for each X d X , then ip can be taken as a product of involutions where 
Xp> = X(j), for each X E X. 

Proof. Suppose Xip = y for some ip G Isom(d). Given X £ X, d{xip,xip) — d{x,x) 
for each a; G X; hence, X@ equals Xip@. Thus, the addresses of X and y agree. 

For the converse, suppose we have a bijection as described above. Fix genera- 
tors X and yx for X — Cx G X and X(j} — Cyx G y, respectively. By assumption, 
there is an G such that d{x,x) — N{sx)d{yx,yx)- 

Define ip : V ^ V hy xip = SxVx for each X — Cx G X. It follows that 
d{xip,xip) — N{sx)d{yx,yx) = d{x,x) for all X — Cx G X; thus, ip G Isom((i). 
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Furthermore, Xip — y and Xip — X(p. To convert tp into a product of involutions, 
invoke Lemma [5.101 □ 

We also require the following version of transitivity as well. 

Theorem 5.12. Let d : V x V C be a non-degenerate Hermitian C-form. 
If X,Y e V are non-singular points (Definition \4.1^ , then Xtp = Y for some 
ip e Isoni(d) if, and only if, X@ = Y@. 

Proof E Xip = Y then X@ = Y@. 

For the reverse direction suppose that X@ = Y@. Since X@discdx^ = discrf = 
Y@ disc dy^, it follows that discd^i ~ discdyi. By (|2.18p for the symmet- 
ric case and Proposition 14.131 for all other cases, there are orthogonal bases X' 
of dxi- and Y of dy^ such that A"@ = {[1], . . . , [1], [discdj^^]} and X'@ = 
{[1], . . . , [1], [discdyi]}. Set X ^ {X} U X' and y := {Y} U y. Then X and 
y are fully refined _L-decompositions of d. Furthermore, 

X@ = {X@, [1], . . . , [1], [discdx^]} = {Y@, [1], . . . , [1], [discdy^]} = y@. 

Therefore, by Theorem 15.111 there is a G Isom(d) such that Xt = y and X(p = 
Y. □ 

5.3. Orbits of frames in Jordan algebras. In this section we determine the 
orbits of Isom(6) acting on fully refined _L-decompositions of 6, for an arbitrary 
Hermitian bilinear map b : V x V ^ W. To do this we use frames, radicals, and 
the semi-simple structure of the Jordan algebra Sym(6). We caution that we make 
frequent use of Sections 14.51 and 14.61 at times without specific reference. 

Suppose A" is a fully refined _L-decomposition of b. By Theorem 14.331 £ :— £{X) 
is a frame of Sym(6). We also know that Isom(6) acts on Sym(6) by conjuga- 
tion (Theorem [423]) and that E"^ = £{X(p) for each ip e Isom(6) (Theorem I4.33|) . 
Therefore, it suffices to work with the orbits of frames of Syni(6) under the action of 
Isom(6). To make use of the Jordan algebra we also translate the action of lsom(6) 
into Jordan automorphisms of Sym(6) in the following way. 

By Proposition 14.31 (m). every isomctry tp has the defining property tptp* = 1. 
Hence, p £ Sym(6) n Isom(6) if, and only if, (p'^ = 1. 

Definition 5.13. Define Inv(J) = {Ux : x ^ J,x^ — 1) < GL(J) for a special 
Jordan algebra J. 

We consider only those Jordan algebras J which are subalgebras or quotient 
algebras of a special Hermitian Jordan algebra such as Syni(6). Note that if a; G J 
with = 1 then yUx = x~^yx = y'^^ for all y G J. Therefore each element of 
Inv(J) acts both as a product of J7-operators and as conjugation. So Inv( J) is a 
group of automorphisms of J built from elements of J. 

Remark 5.14. The group Inv(Sym(6)) is not contained in Isom(6) and we are 
careful to distinguish the action on J := Sym(5) by the two groups as follows: if 
Lp G Isom(6) then write y"^ (cf. Proposition \4.i^ {i) ), and if p (z Inv(J) then use the 
usual function notation yip, for y E J. However, Inv(Sym(6)) embeds in Isom(6) 
by extending Ux x, x G Sym(6), x^ — I. 

By Definition 14.291 if e G J is an idempotent then JUe = eJe is a subalgebra 
with identity e. 
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Proposition 5.15. Let e be an idempotent in J. Then lnv{JUe) embeds in Inv(J) 
acting as the identity on JUi-e- 

Proof. It suffices to extend the generators of liw{JUe) to J. Let v G JUe with 
= e. Set u := (1 — e) + u G J. As v = vUe = eve it follows that = 
(1 — e)^ + (1 — e)e?;e + ewe(l — e) + = 1, so C/„ G Inv( J). Furthermore, if x G JUe, 
then = xUeUu = ((1 — e) + v)exe{{l — e) + v) = xUy. Finally, if a; G JUi-e, 
then xUu = xUi^eUu = ((1 - e) + - e)x{l - e)((l - e) + i;) = x. □ 

Lemma 5.16. [llj III. 7, Lemma 4] Let N be a nil ideal in J. Lf N + u G J/N with 
— 1 G N , then there is a v € J such that N + u = N + v and v'^ ~ 1. 

Proposition 5.17. (i) Lf ip ^ Inv(J) then {rad J)(p = radJ and (p\,j/radj G 
Inv( J/ rad J). 

(a) Suppose N ^ J and N is nil (in particular for N C rad Jj. Then for each 
ip G Inv(J/iV) there is a ip Cz Inv(J) such that (p\j/N — 'P- 

Proof, (i) Inv(J) is a subgroup of the automorphism group of J and so maximal 
inner ideals are mapped to maximal inner ideals and the radical is preserved. Since 
involutions of J are sent to involutions of J/ rad J, it follows that Inv(J)| jyj.ad j < 
Inv( J/ rad J). 

(ii) By definition Inv( J/A^) is generated by the Ui, for which v is an involution of 
J/N. For each i, by Lemma 15.161 there is an involution v E J such that v — v + N . 
Thus Ui, = Uy+N = {Uv)\j/N, U-u G Inv(J). □ 

Lemma 5.18. Let e,e' G J be orthogonal idempotents. If z E J such that = 
and e+z is an idempotent, then there is av E J such that (i) v"^ = \, (ii) eU^ = e+z 
and (Hi) e'Uy — e! — 2e' • 2 + e'[/z. 

Proof. Let w = 1 — 2e — z. 

(i). Since e + z = (e + z)^ = e + ez + ze it follows that z = ez + ze. Hence, 
= 1 - 4e + 46^ - 2z + 2ez + 2ze + z^ = 1. For {ii) note that = z^ = ez^ + zez 

so that zez = 0. Thus, 

(1 - 2e - z)e(l - 2e - z) = ((1 - 2e - z)e)(e(l - 2e - z)) 

= (e + ze)(e + ez) = e + ez + ze = e + z. 

So eC/t, = e + z. Finally for (iii): 

e';7„ = (1 - 2e - z)e'(l - 2e - z) = (e' - ze')(e' - e'z) = e' - 2e' • z + e't/^. 

□ 

Lemma 5.19. Let N be an ideal in J such that N'^ = 0. If £ and T are both 
sets of supplementary idempotents of J such that £ = J- (mod N), then there is 
if G Inv( J) such that £ip = T . 

Proof. Take e E £ — T and / = e + zGJ^, zgA^so that z^ = 0. By Lemma 
I5.18l (i.ii). there is an involution w G J such that eU^ ^ e + z = f . Hence, £' :— £Uy 
is a supplementary set of idempotents of J. By Lemma FS.lSf iii). £' = £ (mod N) 
so that £' =J=' (mod N). Also, f e£' HT. 

We now induct on the size of £. In the base case £ — {e} and T — {f}, so £Uv — 
£' = T . Otherwise, as £' is a set of supplementary idempotents, for all e' G £' — {/}, 
e'C/i_/ = e' so £' - {/} = f 'f7i_/ - {0} and similarly T - {f} = TUi-f - {0}. So 
£' — {/} and T — {/} are both sets of supplementary idempotents in JUi-f, where 
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E' — {/} = T — {/} (mod NUi-f). By induction there is a r' G Inv(JJ7i_/) such 
that {£' — {/})t' = T — {/}. By Proposition 15 . 151 there is a r e Inv(J) extending 
r' to J so that r is the identity on JU f. So £'t = T . Thus U^t e Inv(J) with 
EU^T = T. □ 

Proposition 5.20. Two sets of supplementary idempotents of J are equivalent 
under the action of Inv( J) if and only if, their images in J/ rad J are equivalent 
under the action o/Inv(J/rad J). 

Proof. The forward direction follows from Proposition l5.17l (i) . For the converse, let 
£ and J- be sets of supplementary idempotents of J such that £ip = T (mod rad J) 
for some (p £ Inv(J/rad J). By Proposition 15. 17l fw) we can replace ip with some 
<~p e Inv(J). 

We will induct on the dimension of rad J. In the base case rad J = and the 
result is clear. Now suppose N :— rad J > 0. By [TTl Lemma V.2.2] there is an 
ideal M of J such that N'^ C M C N. Then £ip = T (mod N/M) in J/M and 
[N/MY = 0, so by Lemma [5.191 there is a /i G Inv(J/Af) such that E^pjl = T 
(mod M). By Proposition 15.171 (m) . ft. lifts to some /i £ Inv(J) such that Elp[i = T 
(mod M). As M is a nil ideal properly contained in A^, using M in the role of N 
and inducting we find a t G Inv( J) such that Elp^t = T . □ 

Theorem 5.21. Inv(J) is transitive on the set of frames o/ Sym(&) which have 
any given address. 

Proof. By Proposition 15.201 we may assume rad J = 0. By Theorem I4.27I (m. Hi). 
J is the direct product of a uniquely determined set M of simple Jordan matrix 
algebras. If e is a primitive idempotent of J then eJe is a minimal inner ideal of 
J (cf. Ill} Theorem l.III]), and so e lies in a minimal ideal of J, thus in a unique 
simple direct factor of J. Hence, if f is a frame of J then M n £ is a frame of M, 
for each M G A4. Furthermore, Inv(J) restricts to Inv(Af) for each M G Thus 
CoroUarv 15.111 and Remark 15.141 show that Inv(J) is transitive on frames with the 
same address. □ 

Corollary 5.22. (i) Isom(6) acts transitively on the set of fully refined J^-de- 
compositions with a given address, 
(a) If P is a p-group of class 2, exponent p, and P' = Z{P), then CAutp(-P') 
acts transitively on the set of fully refined central decompositions with a given 
address. 

Proof, [i). This follows from Theorem 15.211 and Remark 15.141 {ii). This follows 
form part {i) and Theorem 13.81 □ 

Corollary 5.23. Let b : V x V ^ W be a non- degenerate Hermitian bilinear map. 
Suppose that X and Y are two JL-factors of b. 

(i) Then there is a ip & Isom(&) such that Xip — Y if and only if, X@ = Y@ 
(which includes X G Xj, Y & yj for the same maximal *-ideal I o/ Adj(6)J. 

(ii) bx is isometric to by if, and only if, X@ = Y@. 

(Hi) Let P be a p-group of class 2, exponent p, and P' = Z(P) with centrally 
indecomposable subgroups H and K. Then there is a p G CAutp(-P') such 
that Hp = K if and only if, H@ = K@. 
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Proof. The forward direction of (i) and (m) are clear. For the reverse, use Theo- 
rem 15.121 Lemma 15.101 Remark 15.141 and Proposition I5.17I (m) to arrange for 
£{{X,X^}) = £{{Y,Y-^}). Then Proposition [1201 completes the proof, {in). 
This follows from (m) and Theorem 13.81 □ 

6. Semi- REFINEMENTS AND PROOF OF THEOREM II . 11 (z) 

By Theorem I5.22l (z). any two fully refined _L-decompositions with the same 
address have the same multiset of isometry types. This section is concerned with 
strengthening this result by involving pseudo-isometries in order to prove Theorem 

0(*). 

6.1. The orthogonal bases of symmetric bilinear forms. Let d : V xV ^ K 

be a non-degenerate symmetric bilinear form and recall the notation {n — s : s) for 
addresses, given in Section [57T] 

Lemma 6.1. If X and y are fully refined J--decompositions of d with X@ = (n — s : 
s) and y@ — [n ~ r : r), then 2\s — r. 

Proof. Recall that the discriminant is independent of the basis of V . Hence, we 
have [uj"] = discd = [lj''] so that lj^^^ = 1 (mod (if^)^) and 2|s — r. □ 

Theorem 6.2. Let X be a fully refined J--decomposition with address [n — r : r). 
There is an involution p G Isom(c?) where Xp = X and such that, if S {X G X : 
Xp = X] then 

(i) if \X\ = 2m -I- 1 then S = {X} with X@ = discd, 

(li) if \X\ = 2m and discd = [uo] then S = {X,X'} with X@ = [1], X'@ = [uj], 
(Hi) if \X\ = 2m and discd — [1] then S = 9, 

(iv) and for each < s < n, where 2|r — s, there is a fully refined ^--decomposition 
y where 

(a) y@^{n~s: s), 

(b) {X, Xp) = (3^ n {X, Xp)) for each X eX. 

Proof. We proceed by induction on the size of X. 

li X = {X} then let p = 1 and y ^ X. Hence S" = A' and discd = X@, as 
required by (i). Also (iv) is satisfied trivially. 

If A" = {X, X'}, X ^ X' then disc d = X@X'@. 

If X@ ^ X'@ then take p = 1 and y ^ S = X and up to relabehng, (ii) is 
satisfied. Once again, {iv) is satisfied trivially as s = r = 1. 

Suppose that X@ = X'@. By Theorem 15.111 there is a p G Isom(c?) where 
Xp = X' and X' p = X, and indeed we may take p^ = \. Notice S" = and 
discd = [1], as required by (iii). For (if), either s = r and we let y = X or 
s = 2 — r. By Lemma [2 . 201 there is (<y3, w) G Isom*((i); hence, y := Xip satisfies (iv). 

Ii n = \X\ > 2 then there are distinct X,X' e X with X@ = X'@. By induction 
on ^ := A" — {X, X'} we have an isometry t of d^^^ which permutes Z. We also 
induct on {X,X'} to locate an involution p G Isom(d^x,x'>) such that Xp, — X' . 
Set p = T S) p ^ Isom(d). Hence, p^ = 1 and permutes X. Moreover, {X G X : 
Xp = X} = S = {Z e Z : Zt ^ Z} and discd = disc = disc d^zy 

Therefore, each case of S is satisfied for X with p as it is satisfied for Z with r. 
Therefore p satisfies («), (ii), and (iii). 

For {iv), let 2|r — s. First assume s > 2. From the induction on Z there is 
a fully refined _L-decomposition W of (Z) of address (n — 2 : s — 2) such that 
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(Z, Zt) ^{yr\ {Z, Zp)) for each Z e Z. If X@ = [u] then set = W U {X, X'} to 
complete {iv). li X@ — [1] then use w) G Isom*((i^jf x')) from Lemma [2. 201 and 
set y ■.= W\A {Xlp, X'lp}. Finally, if s < 2 then take W to have address (n - 2 : s) 
and define y := WU{Xlp, X'ip} if X@ = [cj], and y WU {X, X'} otherwise. □ 

Corollary 6.3. The set of addresses of orthogonal bases of d is 
|(7i- (c + 2fc) : c+ 2fc) : < /c < ^^^| 

where discd = [lu'^], c — 0,1. In particular, there are 1 + [-^^^^J addresses. 

Proof. From Theorem l6.2l (iv) . there is a fully refined _L-decomposition of d for each 
address in the set. By Lemma I6TT1 these are the possible addresses of d. □ 

Corollary 6.4. Let d : V x V K be a nan- degenerate symmetric bilinear form 
with n = dim V and let X and y be orthogonal bases with addresses (n — s : s) and 
{n — r : r), respectively. 

(i) If n is odd then Xip — y for some {(p, ip) G Isom*(d) if, and only if, s = r. 

(a) If n is even then Xip = y for some {ip, ip) € Isom*(d) if, and only ifs — r or 
s = n — r. 

Proof Let Xp = y. Then as ip G , ip = I or uj (mod {K^)"^). If x £ X, then 

Xp@ = d{xp,xip)=d{x,x)ip = X@ip {mod{K''f), X = (a;). 
Thus y@ = X@ip. If = 1 (mod (K^)^) then s = r. If ip = oj then s = n - r, and 

(discd)[w"] = Y[ X®'P = YIy@ = discd. 

xex Yey 

So, 2\n. This completes (z). 

For the converse, by Theorem l5.11l it remains only to consider s = n — r, which 
means X@ = y@[i^], and from above also n = 2m. By Proposition [2T2TJ(m) 
there is a {ip,uj) € Isom*(d). Therefore Xp@ = 3^@. By Theorem 15.111 there is 
a r G Isom(c?) such that Xpr = y. This completes (ii). □ 

6.2. Semi-refinements. 

Definition 6.5. A bilinear map b : V xV W is ± -semi- indecomposable if it is ei- 
ther J--indecomposable orb has orthogonal type with a fully refined J--decomposition 
{X,Y} such that X@ = Y@. 

A J- -decomposition is semi-refined if it consists of J--semi-indecomposables and 
it has no coarser J- -decomposition consisting of J--semi-indecomposables. 

Remark 6.6. Suppose that b is a J^- semi-indecomposable bilinear map which is 
not L-indecomposable. Hence, we have a fully refined J--decomposition {X,Y} of 
b with X@ — Y@. By Corollary 1 5. 2!A (ii). this is equivalent to having an isometry 
ip G Isoni(6) in which Xip — Y . Thus bx is isometric to by- Hence, if c := bx then 
b is isometric to c J- c. 

Theorem 6.7. Let b be a non-degenerate Hermitian bilinear map. 
(i) Given a semi-refined J--decomposition Z and any fully refined J--decomposition 
X , there is a fully refined J^-decomposition y with X@ — y@ and 

z = y^p^ ■.= {{Y,Yp):Y ey}, 

where p G Isom(6) is an involution. In particular, \Z\ > \X\/2. 
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(ii) Isom(6) acts transitively on the set of semi-refined J--decompositions. 

(Hi) Every fully refined J--decomposition of a bilinear map b determines a semi- 
refined J- -decomposition (as in {i)). In particular, semi-refined J--decomposi- 
tions exist. 

Proof, (i). The idempotents associated to a semi-indecomposable bz, Z G 
project to the same simple factor of Adj(&). By Proposition l4.401 {Zj : /<l Adj(6) a 
maximal *-ideal } partitions Z. Hence, it suffices to consider Zi for a fixed maximal 
*-ideal / of Adj(&). 

For each Z <E Zj, either bz is _L-indecomposable or it has a ±-decomposition 
of size 2 whose members have equal addresses. As Zj is semi-refined, the set 
S = {Z G Z : bz IS _L-indecomposable} has size 1 if \Zi\ is odd, or size 2 with 
S = {Y, Y'} and Y@ ^ Y'@, or S" 0. It follows that Zj is determines a fully 
refined _L-decomposition 

yi := iUzezAYz,Y^})US 

in which Yz@ = Y^@ and Z = {Yz,Y^), for each Z eZ-S. By Theorem |0 and 
Lemma [5.16l there is an involution p G Isom(6) for which y^^^ — Z and furthermore, 
such that Xi@ = yi@. 

(a). Let W be another semi-refined _L-decomposition of b. As in (i) we know 
W = Z//''^' where U is fully refined and has address equal to that of y. So we may 
define a bijection (p : y ^ U such that Y@ — Y(j>@ and Ypcj) = Y(f>T, for each 
Y € y. By Corollary 15.221 <j) induces a, (p £ Isom(5) such that Yip = Y<j) so that 

yif^u &nd y^p^p^u^-'l 

(Hi). Let A" be a fully refined _L-decompositions. From (i), any semi-refined 
_L-decomposition can be fully refined to have the same address of X. By {ii) is 
this unique up to an isonietry. Therefore it remains only to prove that there is a 
semi- refined _L-decomposition. This follows from Theorem 16.21 □ 

Definition 6.8. A p-group P of class 2 and exponent p is centrally semi-indecom- 
posable if it is either centrally indecomposable or P = H o H where H is centrally 
indecomposable of orthogonal type (cf. (|2.2[) ). 

A central decomposition is semi-refined if it consists of centrally semi-indecom- 
posable subgroups and it has no coarser central decomposition consisting of centrally 
semi-indecomposable subgroups. 

Remark 6.9. // P is centrally semi-indecomposable and not centrally decompos- 
able then P = H o H where H is centrally indecomposable. Thus Bi(P) = Bi(_ff) _L 
Bi(iJ). As in Remark \6.6l this is equivalent to having a fully refined central decom- 
position {H,K} of P where H@ = K@. 

Corollary 6.10. Every fully refined central decomposition H of a p-group P of 
class 2, exponent p, and P' = Z{P), generates a semi-refined central decomposition 

^["1 := {{H,Hp) -.H en}, 

for some p £ Cx\itp{P') in which Tip = Ti, and p^ = 1. Furthermore, CAutf 
acts transitively on the set of semi-refined central decompositions. 

Proof. Let Ti. be fully refined central decomposition of P. 

As P' = Z{P), b := Bi(P) is non-degenerate. Let X := B\(n) (cf. Section [3T|). 
By Theorem l3.8l fi) we know A:" is a fully refined _L-decomposition of b. By Theorem 
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16.71 there is an isometry p which permutes X such that is semi-refined. Let 
T be the automorphism on Ti induced by p (cf. Proposition 13 . 5|) . Thus, Ht ^ H 
only if H is centrahy indecomposable of orthogonal type (see Definition 16.81 and 
Theoremimi) and H@ = Ht@ (cf. Corollary[5^(iM))- Hence, {H,Ht) ^ HoH 
for each H ^ Ht, H eH. This makes H^'^^ semi-refined. 

Given any other fully refined central decomposition AT of P it follows that JC can 
be semi-refined by an automorphism p, which permutes /C. Thus, H^'^^ and /C^^l 
have full refinements with a common address. Therefore Corollarv l5.22i Theorem 
l3.8l (M.b). and CoroUarv 12.101 prove the transitivity of Caui p{P')- O 

Proof of Theorem \l.l[ (i). First assume that P' = Z{P). By Theorem 14.411 we 
know all fully refined central decomposition have the same size. By Corollary 
16.101 we know that all semi-refinements of a fully refined central decomposition are 
equivalent under Aut P. Furthermore, this also shows that a semi-refined central 
decomposition has the form Til'^l — {{H, Hp) : H S H} where p G Aut P. Therefore 
the multiset {\{H,Hp)\ : H G H} is uniquely determined by P. Indeed, \H\ = 
\{H, Hp)\/[H : Z{H)] is uniquely determined by H and P. 

Choose a subset /C of 7i in which 77 G /C if, and only if. Hp ^ /C, for each H £TL 
with H ^ Hp. Then Ti. is partitioned into 

(6.11) {H en-. Hp = HjUJCUJCp. 
Hence, the multiset {\H\ : H G H} equals 

(6.12) {\H\ : H e H : Hp = H} U {\K\ : K e JC} U {\K\ : K e IC}. 

Thus, the multiset of orders of members of Ti. is uniquely determined by P. 

The similar argument works for the multiset of orders of the centers of the 
members of Ti.. 

Finally, for the case when P' < Z{P) we invoke Lemma [2761 and Lemma [2741 (m). 

□ 

7. Unbounded numbers of orbits of central decompositions 

The proof of Theorem ll.ll (z) has depended on a study of CAutp{P')- Whenever 
CAut p{P') is transitive on the set of fully refined central decompositions (Theorem 
13.81 and Corollary [57221) this approach is sufficient. However, CAut p{P') may have 
multiple orbits. This occurs only if there are centrally indecomposable p-groups of 
orthogonal type (cf. Theorem 14. 46p . 

In this section we have two principal aims: first to show one way that symmetric 
bilinear forms arise in the context of p-groups. Secondly, we develop examples of 
centrally indecomposable p-groups of the other types specified in Theorem 14.461 
with the exception of the unitary type. 

Most the constructions and theorems in this section are subsumed by more gen- 
eral results in |30j , but the proofs provided here are self-contained and require fewer 
preliminaries. 

7.1. Centrally indecomposable p-groups of orthogonal type. In [3D] we 

prove that there are exponentially many p-groups of order p" which have class 
2, exponent p, and are centrally indecomposable of orthogonal type. Indeed, we 
also show that a p-group of class 2 and exponent p with "randomly selected pre- 
sentation" is "almost always" a centrally indecomposable group of orthogonal type. 
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Here we describe just one family of centrally indecomposable p-groups of orthogonal 
type. 

Lemma 7.1. Let V he a k-vector space of dimension n > 2. Define b : V x V ^ 
V AV by h{u, v) := u A v, for all u,v & V . Then b is alternating and Adj(6) = k 
with trivial involution, that is, b is ^--indecomposable of orthogonal type. 

Proof. Take g £ Adj(6). We show that g is a scalar matrix and thus Adj(5) = k. 
Hence b is ±-indecomposable of type 1 with respect to k. 

Let V — (ei, . . . , e„) so that {e^ A : 1 < i < j < n} is a basis of A V^. Fix 
^ ^ h j 1^ i ^ j. We have 

(7.2) Big Ae-j ^b{eig,ej) ^b{ei,ejg*) ^ Ci Ae^g*, I < i < j < n. 

If we take e^g = X^^^i disSs and ejg* = J^^^^i 9*jt^t, then 



= 6^5 A Cj - A e^g* = ^ gis{es A Cj) ~ ^ g*^{ei A Ct) 

s=l t=i 
n n 

gtsics A ej) + {gu - g*J)e^ A ej - ^ 5*^(6^ A e*). 



E 



So we have gis — for all s 7^ i and g*^ = for all i ^ j, 1 < s,t < n and 
furthermore ga — g*j. As this is done for arbitrary 1 < i, j < n, i j, we have 
ffii = 322 = 9ii for aU 2 < i < n. Finally, 522 = gli = 533 = 5ii so in fact g = guln 
and similarly g* = guln- As g was arbitrary, Adj(6) = k. □ 

If dimy = 2 then V A V = k and the fc-bilinear map b is simply the non- 
degenerate alternating A:-bilinear form of dimension 2. This is indecomposable of 
symplectic type (Lemma I7.13P and the corresponding group is the extra-special 
group of order and exponent p. 

Corollary 7.3. Let V be an ¥q-vector space of dimension n > 2 and let b : V xV ^ 
V AV be defined by b{u,v) = u Av for all u,v £ V. Then Grp(&) is centrally 
indecomposable of orthogonal type (see Section \3.2\} . 



Proof. This follows from Theorem 13.81 □ 

When q = p, Grp(6) = (ai, . . . , a„ | class 2, exponent p). Note that the smallest 
example of an orthogonal type group is (01,02,03 | class 2, exponent p) - the free 
class 2 exponent p-group of rank 3 and order p^. 

7.2. Direct sums and tensor products. Direct sums and tensor products are 
two natural means to construct bilinear maps from others. To use these we must 
demonstrate that the adjoint algebras of such products are determined by the ad- 
joints of the components. A full account is given in f30i but here we give only the 
cases required and supply direct computational proofs. 

Definition 7.4. Let b : V x V W and b' : V' x V' W be k-bilinear maps. 
Let b ® b' : V ® V X V ® V ^ W ® W be the bilinear map defined by 

{b © b'){u ®u',v® v') = b{u, v) © b'{u', v') 

for all u,v E V and u' , v' E V' . 
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Proposition 7.5. Let b and b' be two non- degenerate bilinear maps. Then Adj(6® 
b') = Adj(6)©Adj(6'), where the ^-operator on the right hand side is componentwise. 
Hence also Sym(6 © b') = Sym(6) ® Sym(6'). 

Proof. Evidently Adj(&)©Adj(&') < Adj(6©6'). For the reverse, let / G Adj(6©6') e 
End{V®V'). Given u,v eV,v' € V , take {u®0)f = x®x' and {v®v')f = y®y' 
for some x ® x' ,y ® y' &V ®V' . It follows that 

b{x, v) © b'{x', v') = (6 © b'){{u © 0)/, v © v') 

= (6 © b'){u ®Q,{v® v')f*) = b{u, y) © 6'(0, y') = b{u, y) © 0. 

Therefore b'{x', v') = for all v' € V. So x' G rad6' = 0. Thus (m © 0)/ e F © 
for all ueV. Similarly (0 © v')f e © V. So / e (EndX^) © {EndV). 

Let f = g®h and f*=g*® h* for g, g* G End V and h, h* G End V. It follows 
that 

b{ug, v)®0 = b{ug, v) © b'{u', 0) = (& © © w')/, w © 0) 

= (& © &')(" ffi (« © 0)/*) = b{u, vg*) © 0). 
Therefore g G Adj(6) and similarly h G Adj(6')- So / G Adj(6) © Adj(6')- □ 

Given two bilinear maps b : V x V ^ W and b' : V' x V' ^ W we induce a 
multi-linear map [b x b') : V x V' x V x V ^ W ® W defined by: 

(7.6) {b(Sb')iu,u',v,v') ■.^b{u,v)(Eib'iu',v'), Wu^v e V,u' ,v' e V . 

Let 6x~6' denote the induced linear map V ®V' (^V (^V ^ W (S}W' . With this 
notation we give: 

Definition 7.7. Let b(»b' : V (^V xV ^ W 0W' be the restriction of lyxV 
toV xV ®V' , where b -.V xV and b' iV xV ^ W are bilinear maps. 

Evidently, b <Si b' is bilinear. Using tensor products and the following obvious 
result, we can convert symmetric bilinear maps to alternating bilinear maps. 

Proposition 7.8. Let b : U xU ^ W and c : V xV ^ X be Hermitian maps over 
k with involutions 9 and t, respectively. Then b ® c is Hermitian with involution 
6 ®T. In particular, the tensor of two symmetric bilinear maps is symmetric, the 
tensor of a symmetric and an alternating bilinear map is alternating, and the tensor 

of two alternating bilinear maps is symmetric. 

Proposition 7.9. Let d : U x U C be a non- degenerate Hermitian C-form 
with k = {x € C : X = x} and let b' : V x V ^ W be a k-bilinear map. Then 
Adj(d (g) 6) = Adj(d) Adj(6) and Sym(d 6) = Sym(d) Sym(6). 

Proof. Clearly Adj(d) (8> Adj(6) < Adj(d (8> b). For the reverse inclusion, let X be 
an orthogonal basis of d and £ = S{X). Take g G Adj(rf (g) b). We show that 
5G Adj(d)(g)Adj(&). 

li x,y X with associated idempotents e, / G f , then (e ® 'i-)g{f (8 1) restricts 
to (x) (^V ^ {y) © V, so there is a gx,y : V ^ V defined by vgx^y = v' , where 
{x (8) v){e (8) 1)5(7 ® 1) = y ® v' . Let {x,y) be the transposition interchanging x 
and y and identity on X — {x,y}, treated as an element of End?/ = Adj(d). Set 
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ex,y = e{x, y)f. Thus, (e » l)gif (?) 1) = ex,y ® gx,y Since 

5=l^e®lJ.gK]/®l = ^(e® l)g(/ ® 1) = ^ e,,j, gx,y, 

it suffices to prove that g^^y G Adj(6). 

As (e ® 1) e Adj(d 6) with ((e ® 1))* = (/ ® l)g*(e 1) it 

foUows that: 

1 b{v{d{y, y)gx,y), v') = y) ® b{vgx.^y, v') 

= {d(S) b){{x (g) v){e (g) l)g{f 1), y v') 

= {dg)b){x® V, {y (g) v'){f (g) l)g*{e (g) 1)) 

= d{x, x) g) w'^;^^) = 1 g) a;)g; J). 

Notice we have used the fact that d{x,x),d{y,y) e and that the tensor is over 
k. Therefore b{vgx,y,v') = ^l^b{v,v'g* J for all w,!;' S V^. Hence 3:^,2, G Adj(&) 

with adjoint 'dQ'y) 9y,x- This completes the proof. □ 

It can be shown that Adj (6 c) = Adj (6) g) Adj (c) for any two bilinear maps b 
and c [30 . 

7.3. Proof of Theorem ILIU m). The best known examples of central products 



are the extra-special p-groups of exponent p and rank 2n: — o • • ■ o , 

[HI Theorem 5.5.2]. It is customary to recognize Bi(p^+^") as the non-degenerate 
alternating bilinear form b : Z^" x Z^" Zp. We view this map as d ® c, where 
d : X Zp Zp is the dot product d{u, v) := uv*- , and c : Z^ x Z^ ^ Zp A Zp. 

This construction generalizes. If _ff is a centrally indecomposable group then it 
has an associated associative composition algebra C :— Adj(Bi(iJ))/ rad Adj(Bi(i/)) 
(cf. Theorem [4.461) . Recall that K := {x e C : x = x} is & field (cf. Defini- 

n n 

tion|131). Set P := H o -^^ ■ o H and & := Bi('ff o • o iJ). As in Example 



b = Bi(iJ) ± • • • ± Bi(7J) which we can express compactly as 6 = d ®k Bi(iJ), 
where d : iC" x K is the usual dot product d{u,v) :— uv*, u,w G K". 

Hence, by Proposition [Till it follows that Adj(6) = Adj(d) >g)K Adj(Bi(i?)) and 
thus Adj(&)/radAdj(6) ^ Adj(d) (gx C. Yet, Adj(d) ®k C Adj(d'), where 
d' : C" X C" ^ C is defined by d'{u,v) uv\ for u,w G C". If C > then Cor- 
ollary [5T22| proves that all fully refined central decompositions of P are conjugate 
under automorphisms of P. We now demonstrate that the same is not generally 
possible with orthogonal type. 

Lemma 7.10. Let H — {X) be a centrally indecomposable p-group of orthogonal 

n 

type over ¥q with X a minimal generating set of H . Set P := H o ■ ■ ■ o H and 
let Ti.0 = {Hi, . . . , Hn} be the canonical central decomposition given by the central 
product, so that Hi — {xi : x G X) where Xi denotes x in the i-th component. 
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Let Lo ~ + P'^ G lip be a non-square. If < m < n/2 then define Tim = 
{Ki, . . . , if 2m, H2m+i, ■ ■ ■ , Hn} where 

for 1 < J < m. Then every member of Tij^ is isomorphic to H and Ti™ is a fully 
refined central decompositions of P with address (n — 2m : 2m), for 1 < m < n/2. 

Proof. As X is a minimal generating set of H, ii x. y G X with Z{H)x = Z{H)y 

n 

then X = y. Therefore, X x ■ ■ ■ x X is mapped injectively into P via the homo- 
morphism tt : nz/ew H ^ P described in Section [TT] This makes the groups Hi, 
K2j-i, and K2j well-defined, for each 1 < i < n and I < j < n/2. Furthermore, 
Hi ~ H for each 1 < i < n and Ho is a fully refined central decomposition of P. 

Set Xi = H,/H'^ = HiP'/P', W = P' = H[, I < i < n. Also set Lj := 
{H2,^uH2j) = (if2j-i,^2j>, 1 < J < n/2. Then Lj/L^ = X2,_i and 
b\Lj/L'. is 6 -L 6 where b = B\{H). Recall that Bi(P) = d ® 6 where d : k"- x k"' ^ k 
is the dot product and X Bi(7io) = {^i : 1 < « < jt-} is a fully refined _L- 
decomposition of Bi(F). As Adj(Bi(P)) = Adj(ci)(8)Adj(Bi(iJ)) ^ Adj(d), it follows 
that Xd = {Yi, . . . , Yn} is fully refined _L-decomposition of d. In fact, the implied 
isomorphism Adj(Bi(P)) to Adj(d) maps /® 1 f, so £{X) is sent to the canonical 
frame {Diag{l, 0, ...},..., Diag{. .., 0, 1}} of Adj(d). So, Ho@ = Xd@ = {n : 0). 

Define 



2j 



2j 



,{a^+l3^)lw^ eIsom*(6U^/i,). 



,u;] elsom*{{Y2j-i,Y2j)). 



Set Tj := Grp{ipj,ipj) G AutLj. Then K2j^i — H2j-iTj and K2j — H2jTj for 
1 < J < n/2. Furthermore, {ipj,ipj) induces 

a (3 
(3 -a 

Therefore, K2j-i@ = [lo] and K2j@ = [i^]. Thus we have proved that 7i,„ has 
address (n — 2m : 2m). □ 

At this point we know there are multiple CAut p {P')-OT:hitii of fully refined central 
decompositions of P, for any P satisfying the hypothesis of Lemma [7.101 But we 
have not worked with AutP-orbits yet. We now show that there are multiple 
Aut P-orbits as well. 

Lemma 7.11. Given vector spaces U and V , the map a©/3 — > a® [3 from GL([/)© 
GL(V^) ^ GL(J7 ® V) has kernel 

Z := {slu ® s^^ly I s E k""). 

and the image is isomorphic to GL{U) o GL(y) = (GL(C/) © GL{V))/Z. 

Proof. Fix bases for U and V and consider the resulting matrices in the kernel. □ 

Theorem 7.12. Let H := {x,y, z\ class 2, exponent p) (which is centrally indecom- 

posable by Corollary \ 7.S^ , P := H o ■ ■ ■ o H and H„i be as in Lemma \7.1U\ Then 
all the following hold: 

(i) Every member ofHm is isomorphic to H. 

(a) Hm is a fully refined central decomposition of P. 
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(Hi) For every fully refined central decomposition /C of P, there is is a unique m 
and some a £ CAut p{P') such that /C" — Tim- So there are 1 + n orbits of 
fully refined central decomposition under the action of CAutpiP')- 
(iv) Tirn and Tim' are in the same Aut P-orbit if and only if, m' = n — m. 
Hence there are exactly 1 + [n/2j orbits in the set of fully refined central decompo- 
sitions of P under the action of Ant P. 

Proof. Let k := Zp. 

By design, Bi(iJ) is the map c : V xV ^ W where V = k^,W :— k^Ak^ = k^ and 
c{u,v) = u Av, u,v IE V . Hence («) and (ii) follow from Lemma 1 7. 101 Furthermore, 
every possible address (see Corollary 16. 3p of Bi(P) is given by one of the Hm- 
Therefore (Hi) follows from CoroUarv 15.221 and Theorem 13. 81 

To prove {iv) we start by describing the structure of Isom*(6). Set b :— Bi(P) 
and recall that b = d ® c where d : U x U ^ k is the dot product on U :— fc". 
Following Lemma 17.111 we find that 

Isom*(d) o Isom*(c) = Isom*((i) ® Isom*(c)/((sl[/ ® s^^ly, Ife^iv) : s £ fc^) 

embeds in Isom*(6). We claim that Isom*(6) equals this embedding. 

By Proposition we know that Adj(6) = Adj(d) (g) Adj(c) = Adj(d). Hence 
Isom(6) ~ Isom((i) = GO{d). Indeed this shows that 

Isom(6) = {a ® ly : a e GO{d)}. 

In particular, Isom(6) embeds in Isom*((i) o Isom*(c). Observe that Isom*(c) = 
{(/, f®f)--f(^ GL(V^)} ^ GL(3,p) and use Lemma [22I]to conclude that 

[Isom*(d) o Isom*(c) : Isom(6)] = ' , gq^^^ = I GL(3,p)|. 

As Isom*(fe)/ Isom(6) < GL(A: (8) W) = GL(3,p), we conclude by orders that 
Isom*(6) = Isom*(d) o Isom*(c). Hence the orbits of Isom*(6) on fully refined 
central decompositions are those of Isom*((i)olsom*(c), that is, the orbits described 
in CoroUarv 16.41 □ 



Theorem\r^{ii). This follows from Theorem EH □ 

7.4. Centrally indecomposable p-groups of non-orthogonal type. Centrally 
indecomposable families of symplectic type are the easiest to construct by classical 
methods. Already the extraspecial p-groups p^"*"^ of exponent p serve as examples. 
We generalize the extraspecial example to include field extensions of Zp. We let k 
be an arbitrary field. 



u 

V 

'„2 



Lemma 7.13. The k-bilinear form d : k^ x k'^ ^ k defined by d(u,v) = det 



for all M, u G k , has Adj((i) = M2{k) with the adjugate involution, thus d is _L- 
indecompo sable of symplectic type. 

Corollary 7.14. Let d : x ^ be the non-degenerate alternating bilinear 
form of dimension 2. Then Grp(d) is centrally indecomposable of symplectic type. 



Proof. This follows from Theorem 13.81 □ 

Presently we are not aware of any alternating bilinear maps which are centrally 
indecomposable of unitary type. We expect infinite families over any field ¥q2 to 
exist. Our search for such examples is on-going. 
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We next construct a family of centrally indecomposable p-groups of exchange 
type. This family also illustrates that there can be a non-trivial Op{CAut p{P'))- 
There are families of exchange type without this feature but we choose this family 
for the ease of proof. 

Lemma 7.15. Let V be a k-vector space of dimension n> I. Define the k-bilinear 
map b : {k ®V) x {k ®V) ^ V by 

(7.16) b{a ® u, 13 ® v) -.^ av - (3u. 

Then b is alternating and 



Adj(6) - 



I31v 



h G hom(/c, V),a, /3 £ k 



where the multiplication and the action on k (BV is interpreted as matrix multipli- 
cation and where the involution is defined by 





h ' 




)31k -h' 





Plv_ 




alv 



In particular, Adj(5)/ rad Adj(6) 

To h 





radical is 



k ® k with the exchange involution and the 
h G hom(A;, V) \ . Thus b is J--indecomposable of exchange type. 



Proof. It is easily checked that e :— Ik® Ov, / := 0^ © ly G End(A: ® V) are both 
in Adj(6) and furthermore e* = /, = e, = /. Fix g G Adj(6). Then ege, egf, 
fge and fgf lie in Adj (b) and g = ege + egf + fge + fgf. Therefore, we need only 
characterize these four terms. 

Let u,v €V he linearly independent. Since (0(Bu)fge — A©0 and {0®v)fg*e — 
T for some A, t G k, it follows that 

Xv = 6(A ® 0, © -y) = 6((0 © u)g, © = 6(0 © u, (0 © v)g*) 
= 6(0©M, r ©0) = -Tu. 

However, u and v are linearly independent, and hence A = = r so fge = = fg*c. 

Next let (1 © 0)ege = a © and (0 © u)fg*f = © w for some a G A; and v eV. 
Then 

an = 6(a © 0, © u) = 5((1 © Q)ege, © it) = 6(1 © 0, (0 © u)g*) 
= 6(l©0,0©'y) = V. 

Thus fg*f = © alv where ege = alk © Oy. Setting (0 © u)fgf = © w and 
(1 © 0)eg*e = /? © we similarly find fgf = © /31y where 651*6 = (5lk © Oy. 
Finally, set (1 © 0)egf = © u and (1 © 0)eg* f = © w. Then 

-u = 6(0 © u, 1 © 0) = 6((1 © 0)65/, 1 © 0) = 6(1 © 0, (1 © 0)6<?*/) 
= 6(l©0,0©w) = V. 

So egf is induced by a /c-linear map h : k ^ V and eg* f is induced by —h. □ 

Corollary 7.17. Let 6 : (F, © F;,') x (F, © F^) F;,' 6e as m (fTTC]) with n > I. 
Then Grp(6) is centrally indecomposable of exchange type. 



Proof. This follows from Theorem 



□ 
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If rt = 1 then b is simply the non-degenerate alternating bilinear /c-forni of 
dimension 2. The smallest example of a p-group with exchange type is in fact of 
order with rank 3, namely: (a, 6, c | [a, c] = 1, class 2, exponent p). 

We can (I7.16P to illustrate that Section 15.31 is required. We emphasize that 
instances of non-trivial radicals are known in far more general settings than _L- 
indecomposable bilinear maps of exchange type. 

The radical in of Adj(6), for b as in (|7.16p . intersects Sym(6) trivially. However, 
if we define c : {k ® V) x {k ® V) V by 

(7.18) c{a®u,P®v) := av + I3u, Va, /3, e fc, u, u e 

then Adj (c) / rad Adj (c) = fc © fc with the exchange involution. Here rad Adj (c) < 
Sym(c). To make this example alternating we may simply tensor by the alternating 
bilinear map from Lemma 17.11 To further make a _L-decomposable bilinear map 
we may tensor with a dot-product. By Proposition 17.91 the result has a non-trivial 
radical in Sym(6). 

8. Closing remarks 

8.1. Conjecture on uniqueness of fully refined central decompositions. 

It remains open whether or not the multiset of isomorphism types of a fully re- 
fined central decomposition of a p-group P of class 2 and exponent p is uniquely 
determined. By Corollarv l6.101 it suffices to answer the following: 

Let H and K be centrally indecomposable p-groups of class 2, expo- 
nent p, and of orthogonal type. Is true that whenever HoH = KoK 
then H^Kl (Where H o H is as in (EJ])). 

We conjecture this is true. 

A counter-example will require a p-group P :— H o H of class 2 and exponent p, 
where H is non-abelian centrally indecomposable and Adj(Bi(P))/ rad Adj(Bi(P)) = 
Adj(c?) with d the dot-product d{u,v) — uv*, u,v € . Furthermore, Bi(P) must 
not be bilinear over K . Infinite families of this sort are known, but so far have not 
produced counter-examples. 

Because such groups involve symmetric bilinear forms, it is possible that a solu- 
tion will divide along the congruence oip modulo 4. Some evidence of this has been 
uncovered while attempting to develop counter-examples. From these conditions 
and others, it appears that a counter-example group P will have order at least 5'^°. 

8.2. Further directions. In the future, it may become possible to replace various 
algebraic arguments contained here with group theory. Nonetheless, the condition 
that an endomorphism / e Endy lies in Adj (6) (or Sym(6)) is determined by 
a system of linear equations. This is the source of polynomial time algorithms 
for computing central decompositions of p-groups found in |28j . In contrast, the 
equations to determine if / G Isom(6) or Isom* (6) (and hence to determine the 
automorphism group of a p-group) are quadratic and generally difficult to solve. 

The use of bilinear maps makes many of the results adaptable to other algebraic 
objects. For instance, our theorems apply (at least over finite fields) to central 
decompositions of class 2 nilpotent Lie algebras. See also [3] and [71 pp. 608-609]. 

8.3. Other fields. The use of finite fields removed the need to consider Hermitian 
forms over non-commutative division rings in the classification of *-simple algebras. 
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and consequently also the related simple Jordan algebras ( Theorem 14.171 and Theo- 
rem 2221); therefore, this assumption affects Sections 15.21 and [6l Furthermore, as 
finite fields are separable we are able to apply Taft's *-algebra version of the Wed- 
derburn Principal theorem fTheorem l4.18p in proving Theorem l4.46l Evidently our 
proofs apply also to bilinear maps over algebraically closed fields of characteristic 
not 2. 

8.4. 2-groups of exponent 4. The omission of 2-groups of exponent 4 in the proof 
of Theorem 13.81 can be relaxed [29] • The known obstacles for 2-groups of class 2 
and exponent 4 derive from the usual complications of symmetric bilinear forms in 
characteristic 2. We are presently investigating whether or not these are indeed the 
only limitations. 

Acknowledgments. I am grateful to W. M. Kantor for many helpful discussions 
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References 

[1] G. K. Abbasi, Central decompositions of finite p-groups with an abelian second center and a 
center of order p, Vestnik Moskov. Univ. Ser. I Mat. Mekh. (2) (1985) 75-78, 96. 

[2] G. Q. Abbasi, Extraspecial g-groups and central decompositions, Punjab Univ. J. Math. 
(Lahore) 17/18 (1984/85) 63-68. 

[3] G. Q. Abbasi, Central decompositions of nilpotent Lie algebras. Math. Japon. 34 (6) (1989) 
841-846. 

[4] E. Artin, Geometric algebra, Interscience Publishers, Inc., New York-London, 1957. 

[5] M. Aschbacher, Finite group theory, vol. 10 of Cambridge Studies in Advanced Mathematics, 

Cambridge University Press, Cambridge, 1986. 
[6] R. Baer, Groups with abelian central quotient group. Trans. Amer. Math. Soc. 44 (3) (1938) 

357-386. 

[7] J. Bond, Lie algebras of genus one and genus two. Pacific J. Math. 37 (1971) 591—616. 
[8] D. Gorenstein, Finite groups, 2nd ed., Chelsea Publishing Co., New York, 1980. 
[9] P. Hall, The classification of prime-power groups, J. Reine Angew. Math. 182 (1940) 130—141. 
[10] G. Higman, Enumerating p-groups. I. Inequalities, Proc. London Math. Soc. (3) 10 (1960) 
24-30. 

[11] N. Jacobson, Structure and representations of Jordan algebras, American Mathematical So- 
ciety Colloquium Publications, Vol. XXXIX, American Mathematical Society, Providence, 
R.I., 1968. 

[12] N. Jacobson, Structure theory of Jordan algebras, vol. 5 of University of Arkansas Lecture 

Notes in Mathematics, University of Arkansas, Fayetteville, Ark., 1981. 
[13] L. Kaloujnine, Zum Problem der Klassifikation der endlichen metabelschen p-Cruppen, Wiss. 

Z. Humboldt-Univ. Berlin. Math.-Nat. Reihe 4 (1955) 1-7. 
[14] E. I. Khukhro, p-automorphisms of finite p-groups, vol. 246 of London Mathematical Society 

Lecture Note Series, Cambridge University Press, Cambridge, 1998. 
[15] D. W. Lewis, Involutions and anti-automorphisms of algebras. Bull. London Math. Soc. 38 (4) 

(2006) 529-545. 

[16] O. Loos, Fitting decomposition in Jordan systems, J. Algebra 136 (1) (1991) 92-102. 

[17] K. McCrimmon, Quadratic Jordan algebras whose elements are all invertible or nilpotent, 

Proc. Amer. Math. Soc. 35 (1972) 309-316. 
[18] J. M. Osborn, Jordan and associative rings with nilpotent and invertible elements., J. Algebra 

15 (1970) 301-308. 

[19] H. P. Petersson, Conjugacy of idempotents in Jordan pairs. Comm. Algebra 6 (7) (1978) 
673-715. 

[20] R. S. Pierce, Associative algebras, vol. 88 of Graduate Texts in Mathematics, Springer- Verlag, 
New York, 1982. 



DECOMPOSING p-GROUPS VIA JORDAN ALGEBRAS 



39 



[21] D. J. S. Robinson, A course in the theory of groups, vol. 80 of Graduate Texts in Mathematics, 

Springer- Verlag, New York, 1993. 
[22] R. D. Schafcr, An introduction to nonassociative algebras. Pure and Applied Mathematics, 

Vol. 22, Academic Press, New York, 1966. 
[23] C. C. Sims, Enumerating p-groups, Proc. London Math. Soc. (3) 15 (1965) 151-166. 
[24] E. J. Taft, Invariant Wedderburn factors, Illinois J. Math. 1 (1957) 565-573. 
[25] C. Y. Tang, On uniqueness of generalized direct decompositions, Pacific J. Math. 23 (1967) 

171-182. 

[26] C. Y. Tang, On uniqueness of central decompositions of groups, Pacific J. Math. 33 (1970) 
749-761. 

[27] R. B. Warfield, Jr., Nilpotent groups. Springer- Verlag, Berlin, 1976, lecture Notes in Mathe- 
matics, Vol. 513. 

[28] J. B. Wilson, Algorithms for decomposing nilpotent groups(in preparation). 
[29] J. B. Wilson, Lie equivalent }>-groups(in preparation). 
[30] J. B. Wilson, p-groups, bilinear maps, and their algebras(in preparation). 
E-mail address: jwilson79uoregon.edu 

Department of Mathematics, University of Oregon, Eugene, Oregon 97403. 



